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I. Observations on the Electric Are. 
By Waurmr L. Upson, L.L., W.8., Princeton *. 
[Plates I. & II.] 


ALTHOUGH numerous investigators have studied the pheno- 
mena of the electric arc in air, between carbon terminals, 
and also between metal terminals, yet the use of the electric 
are in the production of electric oscillations raises some new 
questions with regard to it. 

While I was working in the Pender Electrical Laboratory 
of University College, London, during the present session, 
Prof. J. A. Fleming, F.R.S., suggested therefore to me 
that it would be interesting to make a further examination 
of the arc between metal and carbon terminals, in air and 
hydrogen. 

I am indebted to him for the facilities for carrying out the 
work, and also for many suggestions during its progress. 
The following apparatus was first constructed with the kind 
assistance of Prof. W. ©. Clinton, B.Sc. 


DESCRIPTION OF APPARATUS. 

Two upright brass tubes are connected across the top by a 
brass casting through which is bored a hole, to provide a means 
of causing cold water to circulate through a metal electrode, 

* Read June 14, 1907. 
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From the centre of the casting, extending downwards, is a 
cylindrical piece of copper, which ends in a tip about $ inch 
diameter, on to which may be fitted the upper metallic 
terminal of the arc. The brass tubes are clamped to a slate 
base, and extend through it. Thus, by connecting the end 
of one of them to a water supply, a steady flow is obtained, 
and this is directed on to the very tip of the upper metallic 
terminal holder (see fig. 1, p. 3). 

Through the centre of the slate base passes a screw of 
four inches’ length, which is capable of being turned by 
means of a milled ebonite head, fixed at its lower end, and 
thus being made to approach or move away from the upper 
terminal holder. This screw likewise ends in a tip, by 
which the lower arc terminal may be held. 

Surrounding the whole apparatus above the slate base 
was placed a bell jar, in the neck of which was a rubber 
cork holding a tube whose end was covered with wire gauze. 
There was also a tube let into the slate base, by which 
connexion could be made to a gas reservoir of any kind. 
The gas thus admitted was expelled through the tube fixed in 
the cork, and could, in the case of hydrogen or coal-gas, be 
made to burn at the end. 

The two terminals of the arc were connected with the 
source of electric supply—usually the street mains at 
110 volts, continuous current—the upper, through one of 
the tubes of the water circulation, and the lower through 
the central screw. Potential leads were connected to the 
other tube of the water circulation, and to the terminal 
leading to the central screw. 

The electrodes used were ordinary solid carbons, 0°47, 0°4, 
and 0°37 inch in diameter, cored carbons 0:47 inch diameter; 
also metal terminals of copper, iron and aluminium, either as 
solid rods about 5 inches long, set into the lower holder, 
or pieces of the shape shown in fig. 2 (p. 4), fastened to 
the upper holder. The solid rods used were of the following 
diameters :—copper % in., iron 4 in., aluminium } in. 
and 3 in. 

The light of the are was passed through a double convex 
lens, and projected onto a sheet of squared paper, at such 
a distance that the arc length could easily be read off from 
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the image, in fractions of an inch. The are was magnified 
to ten diameters. Its length could be kept constant by 
means of the screw holding the ower terminal. 


Fig. 2. 


When carbon terminals were used, the ends were pre- 
viously shaped into the general form they would after use 
have assumed. By this means much time was saved, as it 
appeared that, with a given arc-length and current, terminals 
once shaped do not give variable volt readings according to 
the time the arc has burned, but may be considered in their 
normal state as soon as they have reached their normal 
temperature. 

When metal terminals were used, the ends were rounded, 
but it was found better not to make them too pointed, owing 
to the tendency of the arc to bow out and become of 
uncertain and variable length. 


DESCRIPTION OF ARCS. 


In what follows, the arcs will be designated by the 
chemical symbols of their electrodes, followed by the gas 
in which they occur. Thus, Cu-C in H. The first elec- 
trode is always positive, and, except where carbon, or other- 
wise stated, is the upper terminal, cooled by water circulation. 
Observations were taken on ares in air and hydrogen, using 
carbon, copper, iron, and aluminium in all combinations, both 
positive and negative; also several of them in coal-gas. 
The following is a summary of the observed phenomena. 


Ares in Air. 


Gu-G and Fe-C arcs are probably more or less familiar. 


Al-C, The characteristic aluminium flame is pale blue, 
being hardly distinguishable from that of iron, The Al 
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was oxidized rapidly, but was only slightly eaten away. 
Very little deposit was left on the globe and framework. 
A strong odour was emitted, however, but a match 
applied at the end of the tube did not light the gas 
which should have been escaping. The are could be 
lengthened to 0°5 in. with 10 amperes. 


C-Cu. The are was very steady; of a purple colour, 
except at the point of junction with the copper, where 
there was a small region of green colour. A small 
deposit of carbon quickly formed on the copper. If this 
were not continually removed, the arc soon assumed the 
characteristics of carbon-carbon. The deposit on the 
apparatus was very slight. The carbon terminal burned 
away quite rapidly, assuming a three-stage form, as 
shown in fig. 3. 

Fig. 3. 


Crater. 
: eArigkt 


Dull Red. 


C-Fe. This are continually splutters and hisses, and is 
very hard to measure. It is very bright; more blue 
(from iron) than purple (from carbon). When the iron 
has reached a certain temperature, bubbles form— 
probably magnetite—and the energy consumption 1n- 
creases. The arc, however, now becomes steady. It was 
drawn out to 0°5 in. with 5 amperes and 80 volts 
across the are. 


C-Al. This are started more readily than when its poles 
were reversed. There appears not to be any very heavy 
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formation of aluminium oxide acting as an insulator on 
the end of the Al electrode. But once started, the are 
was not very stable, and would not be drawn out to more 
than 0°3 in. with a current of from 10 to 12 amperes. 
The Al electrode was deeply pitted and very hard, con- 
taining a deposit of carbon embedded in it. The 
apparatus was coated with a light grey deposit of Al, but 
not so thickly as in the case of the Al-C are ia hydrogen. 
The end of the carbon was rounded, and showed in- 
dications of a crater form. A pungent odour was 
emitted as in the case of the same electrodes with current 
reversed. 


Cu-Cu. A steady green are could be drawn out to 0 2 in, 
with 2°5 amperes. The terminals were very little aftected, 
being somewhat oxidized. A shallow crater was formed 
in the negative, and a small hard bubble of oxide on the 
positive. 

Fe-Fe. This are is very steady at low currents and small 
arc-lengths. It is blue-coloured, with a yellow aureole. 
As the arc-length and current are increased, yellow 
fumes are given off in considerable quantity, and a 
deposit of yellow-brown powder, no doubt iron oxide, 
covers the apparatus. The, terminals, also, begin to boil 
and the arc becomes less steady. When the bubbles 
make their appearance the arc begins to hiss, and there 
appears to be an increase in the amount of power con- 
sumed in the arc. The boiling iron disturbs the are, 
making it difficult to get accurate readings. There is 
also a hissing when the are changes its point of attach- 
ment on the positive electrode. This is accompanied, as 
in the carbon-hissing are, by a fall in voltage, but is quite 
distinct from the hiss which accompanies the boiling 
iron. 


Al-Al. This are was found to be very unstable. The 
terminals became quickly oxidized where the are is 
formed, causing the latter to travel around continually, 
seeking unoxidized portions, and tending to lengthen out 
and run up the sides of the terminals, finally going ont. 
The are is a Clear blue colour with a thin yellow aureole. 
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On each pole is a bright spot where the are enters. A 
small grey deposit was formed on the framework. 


Cu-Fe. The are is bluish, with a yellow aureole. No 
copper-green is visible. The iron bubbles form a con- 
ducting oxide (magnetite), which, when cool, may be 
knocked off the end of the terminal. Also a bubble, or 
deposit of iron is left on the copper if the arc has been 
burned for a little time. There is also some brown iron- 
oxide deposit on the electrodes. 


Fe-Cu. The copper was the upper cooled electrode. The 
are showed a greenish colour, getting stronger at the 
copper electrode. Toward the iron it was blue. On 
knocking off the cap of oxide which covered the end of 
the iron, a heavy deposit of pure copper was found buried 
in the iron underneath. Quite a deep crater was burnt 
into the copper, while in the reverse experiment prac- 
tically no effect was to be observed on it. The whole 
copper terminal was covered with a brown sooty deposit. 


Cu-Al. The aluminium was the upper cooled electrode. 
This are is more persistent than with the electrodes 
reversed in polarity. It is easily started, but is very un- 
settled in character, emitting constantly a hissing and 
spitting sound, and travelling about, over the surface of 
the electrodes, tending to lengthen out. But it does not 
go out as easily as the are between the same terminals 
when the current is reversed. The flame is principally 
green from the copper. Sometimes the whole crater will 
be green with merely a thin aureole of blue. The alumi- 
nium electrode was covered with a golden-brown deposit 
from the copper, and its end was hard and pitted. 


Al-Cu. The are was blue in colour from the aluminium 
terminal, and green from the copper terminal, about 
equally divided. It was very unstable, and acted much 
like the Al-Al are, being impeded in starting by the 
aluminium oxide. The are would continually lengthen 
out until it ruptured itielf. 


Fe-Al. The aluminium was above and cooled. The are 
is as to be expected, blue with a yellow aureole. It 
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shows the characteristic aluminium tendency to glide 
about and play around the edges of the electrodes. It is 
less steady than the copper ares. The poles presented much 
the same appearance as those of the Fe—Cu are. The Al 
electrode was embedded with iron to a considerable depth. 


Al-Fe. The aluminium was eaten into very slightly. The 
iron appeared as in the case of the Cu—I'e arc. 


Ares in Hydrogen. 


C-C. The arc was pale blue in colour, with a faint purple 
core. Its length was difficult to measure on account of 
heavy carbon deposits. The carbons became shaped so 
that their ends formed parallel spherical surfaces, the 
positive being concave. Around the edge of the negative 
was built up a branching deposit of carbon, extending 
outward about a quarter of an inch. Compare ares of 
carbon and iron. 


Cu-C, The are was small and pale, consisting of a central 
core of reddish-purple colour, enveloped by a region of 
green light. It persistently travelled around, finding no 
point of permanent attachment, and wearing a broad 
crater in the positive and shaping the negative to fit the 
crater. The end of the carbon became very hard, with a 
deposit of copper, while around the outside edge was soft 
carbon which easily fell away. The surrounding globe 
was blackened by a fine carbon deposit. 


Fe-C. The are is blue in colour with a reddish-purple 
core. The iron boils’at its point of contact with the are, 
its surface becoming irregular. A black deposit covered 
the apparatus. A kind of crater was eaten into the iron 
asin other metal positives, but was irregular, owing to the 
boiling which had taken place. The end of the iron was 
found to be so hard that a file would not cut it. 


Al-C. This are was more unstable than the other metal- 
carbon arcs. The globe and apparatus were heavily 
coated with a grey deposit of aluminium. The are length 
was difficult to measure owing to the deep crater formed, 
and the shifting about of the arc. The aluminium wore 
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away rapidly, but did not boil. It looked the same as in 
air, but no non-conducting formation acted to prevent the 
re-establishment of the are. The are was greyish-blue in 
colour, with a rather faint purple core. 


C-Cu. This are appeared brighter than other arcs in 
hydrogen. The carbon was eaten away very rapidly, but 
there was no apparent deposit of material in the globe. 
A grey carbon deposit on the copper terminal tended to 
make the are one between carbon electrodes. The arc 
was more stable than when the current was reversed. It 
did not travel round on the copper surface and was fairly 
steady on the carbon except as it ate the latter away. 
There was no positive crater formed, the end of the carbon 
being quite irregular. 


C-Fe. There was an intermittent discharge of sparks from 
all over the end of the carbon, and no steady are. The 
discharge could not be maintained for any length of time 
by the currents used, but would constantly go out. A 
carbon deposit gradually formed on the iron, and black 
cobwebs became suspended from the framework and globe. 
(See fig. 4, Pl. I.) On continuing to send the current, 
it became possible to form a steady arc, but it was evident 
that we now had a carbon-carbon are. On the carbon 
electrode there was built up a deposit of feathery branches 
which extended outward horizontally for % inch all round. 
The iron was also heayily coated but not with branching 
deposits. The centre of the carbon was quite deeply 
cratered, the interior being light grey in colour and pro 
bably converted into graphite by the heat. 


C-Al. This are was extremely unstable. It would not con- 
tinue at less than seven amperes. A small lump of 
carbon deposit appeared immediately on the Al electrode, 
and the carbon electrode burned away rapidly, the are 
always remaining attached to the carbon deposit on the 
aluminium. There appears to have been no increase in 
the white aluminium deposit on the globe after the are 
had been changed from Al-C to C-Al. This may have 
been because the arc was not attached directly to the 
aluminium surface. 
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Gu-Cu. With clean terminals no are could be maintained 
in hydrogen with 110 volts supply and 15 amperes at 
contact, not even the shortest. On drawing the electrodes 
apart, a shower of sparks, or arcs, appeared, but imme- 
diately went out. Previously an are was obtained, using 
a copper rod on which some carbon had been left from a 
former experiment. The arc remained until the carbon 
was exhausted. 

Fe-Fe. No permanent are could be maintained. The 
spark shower lasted only a little longer than that with 
copper electrodes, but no length at all appreciable could 
be obtained between the electrodes while the sparking 
lasted. The sparks were numerous and gave the same 
hissing sound that usually accompanies a spark discharge 
ina vessel. The terminals were reversed, but with the 
same result. The sparks were pale blue in colour. The 
lower iron rod presented the same appearance as in the 

. iron—copper are below. The upper electrode was covered 
with a black deposit, but at one spot was a bare globule 
of metal where the contact had been made. 

AL-Al. This gave better results than Fe-Fe, or than Al 
+n combination with either Cu or Fe. The are was 
reddigh-purple or magenta coloured, and travelled about 
continuously, finding no point of permanent attachment. 
The metal was eaten into somewhat as in other ares of 
Al in H. Attempts were made to steady the are by 
shaping the lower electrode. The worst effect was 
obtained when this was pointed, for the are stretched 
out to such lengths as to continually rapture itself. The 
current was also far more variable, in this case, than 
when the ends of the electrodes were flat and parallel. 
The colour of the are was found to vary with its length, 
being reddish for short ares and more bluish as the are- 
length increased. There was considerable dull grey 
deposit from this arc, and the upper electrode seemed to 
be considerably built up with aluminium carried over 
from the lower. 

Cu-Fe. This was very unstable. It consisted of a shower 

*of sparks which was continually going out. There was 
some black deposit on the globe. 
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Fe-Cu. This was very little different from the last. The 
iron electrode showed a surface of pure metal surrounded 
by the black deposit which seems characteristic of iron 
ares in hydrogen. It was only slightly eaten away, but 
in pits of some depth. Some slight traces of copper were 
present on the end of the iron. The copper electrode 
was covered with the black iron deposit. At one point 
only, a small drop of pure metal like iron showed where 
the are had made contact. On removing the deposit 
quite an amount of iron was found to have been carried 
over onto the copper. Thus we have, as with most of the 
ares, evidence of the double transfer of material. 


Cu-Al. The are was a mixture of green and yellowish-red 
colours, and was very unstable. There was no particular 
deposit on the apparatus. The electrodes became rough- 
ened up somewhat, and the aluminium was eaten into 
considerably. The Al electrode was the upper cooled 
terminal. 


Al-Cu. This are was about as stable and bright as the last. 
The electrodes were burned away considerably, and the 
globe was much blackened. On filing the end of the 
copper, the metal looked like brass in streaks. The alumi- 
nium was covered with a slightly reddish-black deposit, 
and its end was found, on filing, to be porous toa consider- 


able depth. 


Fe-Al. This is a better are than Al-Fe, being more in 
one place than a general spark discharge over the sur- 
faces of the electrodes. It continually hissed, as is general 
with the metal ares in hydrogen, but there was no 
accompanying voltage drop. There seemed to be a 
general black deposit. On the end of the iron was a 
metallic globule. The Al electrode was above, and 
cooled. 


Al-Fe. A rotating mirror revealed a broad band of distinct 
sparks. The direct appearance was as though a number 
of ares were continually jumping across the gap; in 
fact it resembled a medium between the ordinary metal 
are and the momentary rain of sparks from Cu—Cu in H. 
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The sparks were bluish in colour, accompanied by heat- 
glow from the metal. The iron appeared little affected 
but the aluminium boiled considerably, and on making 
contact at start the metals tended to fuse together. A 
kind of crater formed in the aluminium. There was 
quite a heavy black deposit on the apparatus. 


Arcs in Coal Gas. 


Gu-C. The arc was maintained with much more difficulty 


than in air, and required larger currents. Great quan- 
tities of carbon were deposited on the copper so quickly 
that it was impossible to measure accurately the arc- 
length. The arc was small and dull in appearance. 


Cu-Cu. At about 28 volts and 8 amperes with an arc- 


length of approximately 0:01 in., a discharge took place, 
which in a moment went out. It could not be made con- 
tinuous even with the smallest gap between the electrodes. 
On continuing the discharge for ten or fifteen minutes the 
are suddenly started and remained steady to a length of 
0:05in. The current dropped considerably below 8 am- 
peres, the are continuing. The current was raised to 
11 amperes and the are burned quietly at 0°1 in. length, 
while a heavy deposit formed on both poles much as in 
the C-G are in H. What really happens seems to be 
this :—With clean copper poles no are will exist at cur- 
rents up to 15 amperes and higher, as in hydrogen. But 
with a continued spark discharge carbon is separated from 
the coal-gas and deposited upon the poles. When there 
is sufficient carbon, the are starts, and we really have a 
carbon-carbon are. There was some copper deposit 
mixed with the carbon on the electrodes, but the latter 
were only very slightly burnt by the are. 


In general, it may be inferred that coal-gas is unsuitable 


for investigation on the actions of arcs between metal elec- 
trodes, for in a moment the carbon deposit makes the are 
virtually one between carbon electrodes. The arc itself 
resembles those in hydrogen in brilliancy. 
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Maximum Arc Lengths. 


When the arc took the form of a spark-discharge, as with 
various metal-metal ares in hydrogen, a maximum possible 
length of 0-05 in. was reached for all such ares, provided 
both terminals were not of the same metal. This limit of 
0°05 in. was with 110 volts supply and current up to 
15 amperes. When the terminals are of the same metal 
the results vary. Copper and iron give no definite length 
of arc, and aluminium reaches its limit at 0°05 in. When 
carbon is one of the electrodes we have always a continuous 
are. If carbon is negative there isa constant limit of 0:07 in. 
in hydrogen. But if the arcs are carbon—metal, the limit 


varies as follows :-— 
Approximate limit of length 


Arcs in H. (at 110 volts supply and 15 amp.). 
MANDO ATOM testsye-e's cae oie ssecslers 0:05 inch. 
Carbon—Aluminium .......... OO = ar 
Carbon—Copper.............. OS" ss 
Carbon—Carbon ............ O:0//mas, 


In coal-gas, Cu-C gave an arc-length of 0-1 in. at 
15 amperes. 

In air, the arcs may always be drawn out longer than in 
hydrogen or coal-gas. 

Cu-Cu gave 0:2 in. arc-length with only 2°5 amperes, 
which cannot be obtained from carbons with 110 volts 
supply. 

The lowest limits found were— 

for C-Al, O'3in. at 10 to 12 amperes, 
and C-Cu, 0°26 to 0°34 in. ,, 5,,6 ,, 


The following comparisons of maximum arc-length were 
made, showing the effect of reversing the polarity when 
carbon formed one of the electrodes :— 


Are. Max. length. Current, Voltage across Arc. 
inch, 
PD sb eins» 05 10 ~ 
1 SE ae 0:3 10 to 12 a 
OS Ue 0°6 to 0°8 Ore as, 70 to 53 
ee 0:26 ,, 034 5,,6 85 ,, 75 


Note—Cu-C with a length of 0°3 in. at 6 amperes gave only 
47 yolts across the are. 
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olt- Ampere Characteristic Curves of Arcs 0°05 in. 
in Length. 

The length of arc, 0°05 in., was chosen as it was the 
longest which could be steadily maintained for all the ares 
under examination. This length is so short that accurate 
measurements of unstable ares are extremely difficult, and in 
such eases it is only fair to consider the curves given as gene- 
rally approximate. Fig. 5 (Pl. II.) gives the volt-ampere 
characteristics of the ares in air in which carbon was one of 
the electrodes. It will be seen that when the carbon is 
negative, it makes very little difference what the positive is 
in regard to the general position of the curve, whileif carbon 
is positive a great variation occurs according to the material 
of the negative. The are in which carbon forms both posi- 
tive and negative partakes of the properties of both of these 
groups, occupying its individual position under the influence 
of the carbon negative ; but being little influenced by its 
positive, it keeps the same general shape as the lower group 
of curves. 

Fig. 6 gives this same group of curves for ares in 
hydrogen. The metal-carbon and carbon-carbon arcs so 
nearly coincide that one curve is given to represent them. 
The real positions of this group may be seen in fig. 10. We 
now have not a difference in curvature, for the curves are 
approximately parallel, but merely variations in the distance 
apart, according to the material of the negative. The posi- 
tion of the curve, therefore, seems to be due to some constant 
of the material—say, its ability to become ionized in the 
particular gas. 

In air there is superposed the active effect of oxidation. 
We may infer that the general shapes of the curves,—or, at 
any rate, variations in shape—are due to the influence of the 
surrounding gas. 

Fig. 7 shows the characteristics of ares in air when 
both electrodes are of the same metal. That of. aluminium 
differs considerably from the other two, and in general 
it was found that where aluminium entered, either as 
one or both of the electrodes, there was apt to- be consider- 
able variation, whereas iron and copper kept pretty close 
together. 
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Fig. 8 gives the combinations of the different metals 
in air. Fig. 9 gives them for ares in hydrogen, It has 
already been mentioned that these arcs bear more resem- 
blance to heavy spark discharges than to genuine arcs. But 
the action seems to follow the same general law, in both 
cases. Some interesting comparisons may be made from 
these curves and those of figs. 5 and 6. 

In figs. 8 and 9 we find the highest and steepest curves 
to be Cu—Al, and C—Al occupies a similar position in fig. 5. 
In figs. 8 and 9, again, the lowest and flattest curves are 
for Al-Fe. The copper and iron curves bear a general 
resemblance to each other throughout, but with a certain 
peculiarity. 

We have considered the relative height of the curves to be 
due, in part, to the effect of the surrounding gas, and in part 
to a specific property of the material of the negative elec- 
trode. There may be other influences, but these two are 
suggested by a comparison of the copper and iron curves in 
figs. 5, 6, 8, and 9. The curves both for Cu-Fe and C-Fe 
are below the curves for Fe-—Cu and C—Cu when the ares 
are in air. But they are above when the arcs are in 
hydrogen. With carbon for the negative, copper’s place is 
seen to be above iron in both air and hydrogen. 

It was desired to obtain a comparison of the slopes of the 
curves for C-C in air and melal—C and C-C in hydrogen, in 
order to show the change in voltage for a given change in 
current in the several cases. All experiments agreed in the 
result shown in fig. 10, namely, that the C-C curve in air 
cuts the other curves in the neighbourhood of 6°5 amperes 
and 47 volts, and is a much flatter curve. In fact, all the 
air-curves derived are flatter than those in hydrogen with the 
exception of that for C—Al. This arc is difficult to measure, 
but very careful observations led to the conclusion that the 
curve was, if anything, steeper than as shown in fig. 5. 

Curves were also taken of the copper—copper are in air 
under three conditions :— 

(1) + above, and cooled by water-circulation. 

(2) — above, and cooled by water-circulation. 

(3) Are between two rods of 0°375 in. diam., with 
. + above, and no cooling. 
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The latter curve lies between the others, but is somewhat 
steeper, as shown in fig. 11. 


Voltage Equations of different Arcs. 

In determining the equations of different arcs, the form 
of procedure given by Mrs. Ayrton has been followed. The 
characteristics have first been sketched in according to the 
readings obtained. From these curves were drawn up 
tables of volts, amperes, and watts. The watts were then 
plotted against amperes. This should give straight lines if 
the volt-ampere curves are satisfied by equations of the form 


V,=a+ = 
where a and / are constants, /=length of are, and A=current 
in amperes. In all cases, the approximation to a straight 
line was so close, that no doubt could be entertained that the 
deviation was due to error of observation. 

From these watt-ampere curves new sets of tables were 
drawn up, giving volts, and from these derived volts and 
amperes the curves shown in the different figures have been 
drawn. The derived curves have in all cases been found to 
satisfy the original points, and may be regarded as more 
nearly the truth than the original curves. From this we 
conclude that, provided the electrodes are of solid materials, 
all arcs of constant length are satisfied by the equation 

b 
V == me 

It is difficult to obtain long enough arcs to prove the 
validity of a like assumption with regard to arcs of constant 
current but variable length, which shall cover the whole 
range of arcs in air and hydrogen. But no case has been 
found where the are of constant current is not represented 
by the equation 

Vy =a+0l. 


_ Equations of the general form for variable length and 
current given by Mrs. Ayrton, 
c+dl 


have been derived in a number of cases, as follows. 
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For carbon-carbon in air, both solid, positive above, 
0 475 in. diam. ; negative 0°4 in. diam. 
12-61 
(ae ese 
where / is given in millimetres. 


For copper-carbon in air, electrodes as described, 
l 
V=14642-414 a 


For iron-carbon in air, 


V=12'842/+ 


24°34 1 
o- 

For iron-iron in air, the positive cooled, 

18:5+3°971 

| ial Pak 

For copper—copper in air, the positive cooled, 

18°34 10°81 

aa as 

For copper-copper in air, the negative cooled, 

81:145:21 

+ Sy eee 


For copper-copper in air, both solid rods 0°37 in. diam., 
the positive above, 


V=18543:97 14 


V=17-443' 614 


V=22-241:51+ 


Va18 417514 BUF e 
For copper—carbon in hydrogen, 
Va215 43-4614 “2+ 804" 
For aluminium-carbon in hydrogen, 
V=8-454 711+ SaaS st 


Alternating-Current Ares. 


The carbon-carbon are in hydrogen at about 50 volts, and 
15 amperes at a frequency of 80, was steady to a length of 
0-03 in. On first making contact, the carbons being cold, 
the are gave a momentary flash which was repeated at each 

VOL. XXI. Cc 
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contact. By ma‘ntaining a bad contact for a few seconds, 
until the carbons began to glow, and then slowly separating 
them, the are could be obtained, and was quite steady. It 
could not be drawn out longer than 0-03 in. with 100 volts 
supply. 

Copper-carbon in hydrogen gave no are at 100 volts, 
15 amperes and 80 cycles, nor again at 100 volts, 20 amperes 
and 50 cycles. The arc apparently started at contact, but 
went out at the first zero of the current after separation of 
the electrodes. 

Carbon—carbon in coal-gas gave an are of 0-01 in. and 
0:02 in., the volts and amperes being about 38 and 14 
respectively, and the frequency 80. At times the are seemed 
to reach 0°03 in. in length, but it did not appear to draw out 
as long as the same are in hydrogen. As in hydrogen, the 
are required a certain amount of previous heating of the 
carbons to start. 

Copper-carbon in coal-gas gave at first no are with 
120 volts supply, and current of 15 amperes at 80 cycles. 
Sparking and heating, however, gradually produced a de- 
posit of carbon on the copper, and when this was sutficiently 
thick, it was possible to maintain an are of exceedingly short 
length. 

Copper-carbon in air. The arc would not start until the 
carbon had been heated to a glow. By this time a deposit 
of carbon was on the copper. The are could then be drawn 
out to 0°05 in., but with some difficulty, and with not less 
than 15 amperes. At 7 or 5 amperes the are would hardly 
form at all. 

Copper—copper in air would not start at all. It seems 
probable that if sufficient heat were concentrated at the ends 
of the poles, the are could be maintained. 


Interrupted Arcs. 


It was desired to compare the lengths of time that various 
ares could be interrupted without losing the power of re- 
starting themselves when the voltage was again applied to 
their terminals. For this purpose, apparatus was devised in 
accordance with a suggestion by Dr. Fleming as follows :— 

A small electromagnet was fixed so that its armature 
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would have a free fall when the current was switched off. 
When the armature was held by the magnet, two springs 
bore lightly against its sides and, they being in the main 
are circuit, the current of the are passed through the 
armature. When the armature was a'lowed to fall, it was 
guided into another set of spring-contacts in parallel with 
the first set, thus completing the circuit, which in falling, it 
had opened. 

The length of fall could be measured accurately, and the 


time was calculated from the formula ee where d is 
the fall in feet. 

It was especially desired'to compare the carbon-carbon are 
in air and the copper-carbon are in hydrogen. With the 
currents used, the spark on opening the circuit was in all 
cases so small as to be of inappreciable length, and therefore 
its effect on the value of t could be neglected. The following 
table is for solid carbons in air, with arc-length of 0:05 in. 


Volts. Amperes, Fall in feet, Time Watts, 
(sec.). 
45 45 03 0137 2025 
49 3 07146 0-095 147 
aieel 6.6 0-541 0-184 258 
41 T5 0°833 0-228 3075 
40 9 1-44 0:3 360 


Plotting either amperes or watts against time gives nearly 
a straight line (see fig. 12, Pl. IT.). 

Both lines, continued downward, cut through the origin. 
If, instead of curving downward at their upper ends, they 
are more properly straight throughout, we have 


A=aet.and W=bt, 


where A=amperes, W=watts, t=time, and a and 6 are 
constants. 

Using cored carbons, the are was found to restart much 
more easily. In fact it was difficult to make the current so 
small that the arc would not restart after a time lapse of 

c2 
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0:3 sec. Observations were taken with constant time of in- 
terruption to find the effect of variations of arc-length on 
the current required to restart. The carbons were cored, 
each 0°47 in. diam. 


Volts. Amperes. Arc Length Time Watts. 
(in inches). (in sec.). 

47 12 0:02 03 564 
45 25 0-05 0:3 1125 
49 37 01 0:3 181 
55 5 0-15 0:3 275 
50 7 0-2 03 350 
55 85 0:25 03 467°5 


Plotting either amperes or watts against arc-length gives 
practically a straight line (see fig. 13). 

A cored carbon was bored out to a depth of about 
1:5 inches, and packed with powdered potassium sulphate. 
With this as positive and an ordinary cored carbon as 
negative, a very low-power are was obtained. The are was 
perfectly steady at 20 volts, 1*1 amperes and 0°05 in. 
length. It was much more difficult to make this are restart 
than the preceding. The results agreed fairly well, however, 
when the amount of energy consumed was the same. 

The following observations were taken with this are. 


Volts. Amperes. | Are Length Fall Time Watts. 
\ (in inches). | (in feet). | (in sec.). 
12°5 5 0:05 0:125 0-089 62°5 
12 6 0:05 0-416 0 162 72 
12 8 0-05 0-916 0:239 90 
il 10 0:05 1-44 03 120 
12 12 01 1-44 0:3 144 


Fig. 14 shows the variation of amperes and watts for 
both fall and time. In the curve of amperes against time 
there appears to be a lower limit of about 4 amperes under 
which the are of 0:05 in. length will not restart. This 
accords with experiment. 
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A copper-carbon (solid) are in air would not restart with 
an interruption of 0:072 sec., when the readings for the 
are were 22 volts, 12°2 amperes, and 0°03 in. arc-length. 

A copper-carbon (cored with K,SO,) are in air restarted 
as follows :— 


Volts. Amperes. Are Length Fall Time 
(inches). (feet). (seconds). 

125 13 0:05 0-083 0-072 

12°5 12:5 0:03 07125 0:088 


A carbon(cored with K,S0,)-copper are in air would not 
restart with an interruption of 0:072 sec., when the readings 
were 17 volts, 13 amperes, and 0°05 in. length. 

A copper-carbon (solid) are in air could not be made to 
restart with the smallest obtainable interruption, 0-051 sec., 
when its readings were 19 volts, 12°5 amperes, and 0-02 in. 
length. It did restart, however, when the arc-length was 
reduced to about 0-01 in. 

A copper-carbon (solid) are in coal-gas could not be made 
to restart at 23 volts, 14 amperes, and 0-01 in. length, in the 
shortest obtainable time of interruption. Even after running 
it some time, to obtain a good deposit of carbon on the copper, 
it would not restart. 

A copper-carbon are in hydrogen could not be made to 
restart at all. Its readings were as follows :— 


Volts, | Amperes. Are Length Time of Interruption 
(inches). (seconds), 
82 12 0:02 0:056 
24 13 001 0-051 
23 14 0005 (approx.) 0-04 


In conclusion, the author wishes to express his indebted- 
ness to Dr. J. A. Fleming, F.R.S., and to Mr. W. C. Clinton, 
B.Sc., for their kind assistance during the progress of this 
work, 
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DIscussION. 


Mr. W. Dupprtt said the paper was a most interesting one. He 
asked if the author had noted the character of the different ares which 
he had used. The characteristic curves for arcs in coal-gas or hydrogen 
were steeper than those in air; and therefore arcs in coal-gas were more 
suitable for the production of oscillations. He asked if the curves 
remained steep when the current was quickly changed. He had noticed 
the phenomenon of an arc between two cored carbons relighting, and 
said that on high-voltage circuits the length of time was considerable 
and amounted in some cases to seconds. 

Mrs, Avrron said the paper was a valuable one, but she was sorry 
the author had not given a careful description of the appearance of the 
arcs and carbons under different conditions, and also the observations 
upon which the curves were founded. It was difficult to arrive at any 
general conclusions from the author's curves. The steep parts depend 
not only on the composition of the electrodes but on their size and on 
the length of the arc. The author had only used short arcs which with 
carbons only gave the flat part of the curve. With metal-carbon you 
get the steep part. Mrs. Ayrton also expressed her interest in the 
relighting experiments shown by the author. 

Mr. A. Campseny asked if the characteristic curve of a mercury are 
was similur to that of the other metal arcs investigated. He pointed 
out that the use of unscientific units (inches and feet) in giving the 
results of such interesting researches was most deplorable. In all 
standard work on the subject the lengths of arc are always given in 
millimetres, and even in commerce the diameters of carbons are similarly 
expressed (e, g. 12 mms. and not 0°47 inch), 

Mr. ALExaNpER RussExu stated that Mr. Upson’s paper would be 
extremely useful to all engaged in research in connexion with the electric 
arc. He agreed with the author that coal-gas was very unsuitable for 
experiments with the arc, He had recently been experimenting with 
high-voltage alternating arcs in coal-gas, and in most cases the enclosing 
vessel was soon filled with black cobwebs. When, however, the high- 
voltage high-frequency arc, between iron-iron electrodes was shunted by 
a Leyden jar in series with a small coil of wire the discharge between 
the electrodes became simply a torrent of sparks and no appreciable 
quantity of soot was formed. The difficulty the author experienced in 
certain cases in obtaining an are was due probably to the low voltages 
used. When high voltages are applied it is easy enough to maintain an 
arc. More experimental research was wanted on the upper part of the 
statical characteristic curve of the are. A good deal of exploration has 
already been made in this direction in Dr, Simon’s Laboratory at 
Gittingen with the help of a motor generator from which three or four 
amperes of direct current can be obtained at 5000 volts. The results 
already obtained were of great importance. The success of the statical 
characteristic method as an instrument of research was mainly due to 
the care with which Mrs, Ayrton had specified the method of obtaining 
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the curve. He hoped that Mr. Upson would make further researches at 
high voltages. 

Dr, FLEMING congratulated Mr. Upson on his paper, and said that it 
represented a considerable amount of careful work, and even if all the 
conclusions to be drawn from it were not yet absolutely clear, it would 
furnish a statement of facts which would assist in future theorising. 
He said that the interesting part to him at the moment was the dif- 
ference between the form of the yolt-ampere characteristics for the 
carbon-carbon are in air and the metal-carbon are in hydrogen, but on 
that matter he would defer his remarks until he had shown some other 


experiments. 


Mr. Upson, in reply, stated that the primary object of the paper was 
to compare metal arcs with carbon arcs. He had also performed some 
experiments with charges of voltage and variations in the length of 


burning of the arc, and he hoped to carry out a series of experiments 
using high voltages. 


-_——_——__ 


Il. Some Observations on the Poulsen Arc as a means of 
obtaining Continuous Electrical Oscillations. By J. A. 
Fremine, M.A., D.Sc., F.RS., Professor of Electrical 
Engineering in University College, London *. 


THE interesting discovery of Mr. Poulsen that an electric 
are between a carbon and a metal electrode formed in an 
atmosphere of coal-gas and traversed by a magnetic field, 
when shunted by a condenser and inductance, as in the 
Duddell musical are, furnishes a means of obtaining undamped 
electrical oscillations, of much higher frequency than with a 
plain carbon are in air, has attracted much attention from its 
technical application in wireless telegraphy. Having made 
a careful examination of the matter during the last six or 
seven months, the record of some of my observations in 
connexion with it may be of interest to other physicists who 
are studying the are method of exciting oscillations. The 
apparatus with which I have worked, constructed on the same 
lines as that of Mr. Poulsen, consists of a stout brass cylinder 
14 cms. in diameter and 19 cms. long, which is soldered 
across another brass box 7 inches by 18 ems. by 25 cms. 
high, the cylinder being open at both ends (see fig. 1), 
The interspace between the cylinder and the containing box 
serves as a water-jacket, and through it cold water is made 


* Read June 14, 1907. 
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to flow by inlet and exit pipes. The ends of the cylinder 
are closed gas-tight by marble plates, and these are pierced 
by holes in which brass sleeve tubes are fitted. 

The cylinder has also inlet and exit pipes for coal-gas. In 
addition, a pair of brass tubes pass through the sides of the 
box and the cylinder, and in these are fitted soft iron rods 
4 ems. in diameter and 20 cms. long. The inner ends are 


about 3 to 4 cms. apart. In the chamber so constructed an 
electric arc is formed between the edge of a stout cylindrical 
carbon rod 2°5 ems. (1 inch) in diameter, which passes 
through the sleeve in one marble end. This carbon is kept 
in slow rotation by an electric motor geared to it so that it 
makes one rotation in about 2 or 3 minutes. In apposition 
to this carbon is a hollow brass tube closed at both ends, 
haying cold water circulating through it. This passes through 
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the other marble end, and it is terminated by a copper beak. 
The electric arc is formed between this beak and the sharp edge 
of the rotating carbon. The copper electrode can be moved 
to and fro by an adjusting screw, and is so set that the 
are is formed in a magnetic field between the soft iron pole 
pieces. The magnetic field is created across the are by 
setting the brass box upon an electro-magnet and joining its 
poles to the two iron cylinders by suitable soft iron con- 
nectors. With this apparatus it is possible to create an 
electric arc of suitable length in an atmosphere of coal-gas, 
the are being also traversed by a magnetic field. Tie 
carbon is the negative and the copper beak the positive pole. 
The field used did not exceed 1000 ¢.G.s. units in strength, 
and generally was about 600 units. This field was so directed 
as to cause the arc to spring between the upper edge of the 
carbon and the copper beak, and be forced upwards in an arch. 
Using a direct current supply at a pressure of 400-500 
volts with a suitable rheostat interposed, it is easy to form an 
are haying a potential difference between the carbon and 
metal electrode of 300-35() volts and taking 5-10 amperes. 
These electrodes are then connected by an oscillatory 
circuit consisting of a condenser made with metal plates 
separated by sheet ebonite, the whole being immersed in an 
insulating oil. The capacity of the condenser generally used 
by me was 0°00289 microfarad. In series with the condenser 
was an inductance consisting of a coil of insulated copper 
wire No. 7/22 wound in square form over a wooden cross so 
as to make a circuit 60 cms. in the side, having 8 turns. 
The inductance of this coil for high-frequency currents was 
116,200 centimetres. An additional sliding inductance was 
used consisting of bare copper wire wound in a spiral on a 
wooden rod 1} inch or 3°2 cms. in diameter, having 8 turns 
to the inch. Two such spirals were placed on a support 
parallel to each other, and cross-connected by a sliding copper 
saddle, so that by moving the saddle, more or less inductance 
could be thrown into the circuit without interrupting it. 
The full inductance of the double spiral was 200,000 centi- 
metres. If then an are is created between the electrodes 
and adjusted to be of sucha length as to take about 8 amperes 
with 300-350 volts between the carbons, then powerful 
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oscillations are set up in the square circuit in series with the 
condenser. A hot wire ammeter inserted in this cireuit 
sndicated a current of about 5 amperes. If an electrostatic 
voltmeter is joined across the terminals of the condenser, 
we find a potential difference of 1200 to 1500 volts (R.M.S. 
value), vastly exceeding the steady potential difference of the 
are electrodes. 

The existence of a powerful oscillatory current in this 
square circuit may be shown by holding near to it a cireular 
coil of about 30 turns, 30 cms. in diameter, formed of well- 
insulated wire, to the ends of which a 50-volt carbon filament 
glow-lamp is attached. When this round coil is held near 


Fig. 2. 


and parallel to the square coil, the lamp lights up brilliantly in 
consequence of the secondary current induced in the lamp coil. 

It is, however, seen that the lamp often flickers a good 
deal, showing that the primary oscillation current is nob 
absolutely constant, and this flickering varies with the ad- 
justment. It is, however, possible to adjust the are so that 
the glow-lamp remains fairly steady, and if its incandescent 
filament is examined in a revolving mirror, its image will be 
seen spread out into a uniform band of light. 

This, however, is not an absolute proof of the uniformity 
of the oscillatory current. To the above-mentioned condenser 
circuit, I then attached a long helix of fine silk-covered 
wire (No. 30 §.W.G.) wound in one layer of closely 
adjacent turns on an ebonite tube (see fig. 2). The length 
of this helix was 210 cms., its diameter 4°78 cms., and the 
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number of turns 5470. This helix was supported horizontally 
on insulating stands about 45 cms. above the table, a sheet 
of zinc as long as the helix being placed on the table to act 
as an earth plate. This earth plate was connected to the 
metallic electrode of the are and the helix to the junction 
point between the condenser and inductance coils in series 
with it. 

The far end of the helix was provided with a number of 
needle-points formed by a bunch of sewing-needles attached 
to a wire. 

On adjusting the inductance in series with the condenser 
so that the whole inductance in series across the arc terminals 
had a value of about 215,000 cms., powerful stationary 
oscillations were excited in the helix. Under these conditions, 
vivid blue electric brushes 1 or 2 cms. long appear on the 
needle-points at the far end of the helix, thus showing that 
the potential at that end has been increased by resonance to 
many thousand volts. These brushes are not of the same 
harmless. character as the ordinary electric brush of an 
electrostatic machine, but are veritable flames or arcs 
taking place into the air. They are very hot and will melt 
sealing-wax and set fire to paper, and inflict the most painful 
burns if incautiously touched. They make a rushing or 
whistling sound and are of a strong blue colour. 

If the inductance in the condenser circuit is varied even a 
little, the brushes disappear. The above described helix 
considered simply as an open cireuit oscillator, has a natural 
time period of electrical oscillation of very nearly 5 one- 
millionths of a second, or a frequency of 0°197x 10% This 
value had been exactly determined in previous experiments 
withit*. As the value of the capacity in the condenser circuit 
is 0°0029 microfarad, and the total inductance in series with 
it 215,000 cms., the time period T of the condenser circuit is 
given by : 

T — 0°0029 x 215000 a ms nearly ; 
5°033 x 108 1y° 


and this shows that to obtain the brush-discharge effect the 
condenser circuit has to be exactly tuned to the period of the 
fundamental electrical oscillation of the helix. 
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The effect of these oscillations in the wire is to create an 
intense electric field round the helix extending in all direc- 
tions for a distance of nearly a metre. Vacuum-tubes of all 
kinds glow brilliantly when brought near the helix. Espe- 
cially brilliant is the glow in the form of Neon tube I employ 
with my cymometer, which, as I showed some three years 
ago, is extremely sensitive to a high-frequency electric field. 
The form of tube I use is of the spectrum type, the straight 
part being a glass tube with a bore of 1 mm., and the 
enlarged ends cylinders of about 1 cm. diameter and 5 cms. 
long. 

The beautiful discovery made some time ago by Sir James 
Dewar that Neon and other rare atmospheric gases can be 
separated from the commoner constituents of air by means of 
charcoal cooled to very low temperature, renders it possible 
to fill spectrum vacuum-tubes with nearly pure Neon, and 
such tubes are of very great utility in high-frequency 
research. When filled with Neon at the proper pressure they 
glow with an intensely brilliant orange-red light in a high- 
frequency field. If one of these tubes is held near the helix 
when in action, it shows by its glow that there is an electric 
field increasing in intensity all the way up the spiral to the 
free end. 

But more, the Neon tube shows us that the oscillations are 
not perfectly continuous. If the tube is waved rapidly to 
and fro in front of the spiral, by the persistence of vision its 
image is expanded into a fan-shaped area of light. Ex- 
amining this, we see it crossed vertically by narrow or broad 
lines irregularly placed. , This indicates that the tube is ex- 
tinguished at intervals, and this is because the electric field 
disappears and the oscillations are interrupted. Not only 
Neon tubes, but all other vacuum-tubes show this effect pro- 
vided they are narrow tubes. If a wide tube is used, the 
effect is not seen because the intermittent images of the tube 
overlap each other. The phenomenon is well shown by 
rapidly rotating a Neon tube near the spiral. The tube must 
be fastened by silk threads to a strip of ebonite held on an 


* See J. A. Fleming, “ On the Propagation of Electric Waves along 
Spiral Wires,” Phil. Mag. ser. 6, vol. viii. p. 434 (October 1904). 
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ebonite axle, and this rapidly rotated by a turn-table (see 
fig. 2). 

The intermittency is always most marked when the arc is 
first started and then diminishes, but it is always present 
more or less, and it shows that the oscillations, even if un- 
damped, are not absolutely continuous, but are cut up into 
irregular groups. It seems to be caused by the are changing 
its point of departure on the carbon electrode. It is increased 
if the rotation of the carbon is irregular, but I have never 
been able to abolish it altogether. Another proof of the same 
fact is derived as follows :— 

The helix is removed and another square coil of 12 turns 
or so of insulated wire wound on a frame 60 cms. inside is 
placed parallel and at a distance of 2 or 3 metres from the 
similar coil in the condenser circuit (see fig. 3). This 


Fig. 3. 
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secondary coil is tuned by a condenser to the same frequency 
as the are condenser circuit. Across the terminals of the 
secondary circuit another circuit is joined which consists of 
the oscillation valve or glow-lamp wireless telegraph detector 
devised by me four years ago, and already described*. This 
valve stops all movement of electricity in one direction, and 
in series with the valve is placed a telephone. On listening 
to the telephone when the are is in operation and is quite 
steady, a crackling sound is heard, which is not sufficiently 
regular to be called a musical note. If the oscillations in the 
are circuit were continuous and absolutely persistent, they 

* See J. A. Fleming, “ On the Conversion of Electric Oscillations into 


Continuous Currents by means of a Vacuum Valve,” Proc. Roy. Soc. 
Lond. vol. Ixxiy. p. 476 (1805), Also Phil. Mag. May 1906. 
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would induce similar secondary currents, and my oscillation 
valve would separate out all the unidirectional constituents, 
and send through the telephone a perfectly steady continuous 
current. But this is not the case. The telephone yields a 
sound which shows that the continuous current through it is 
interrupted irregularly, and this can only be because the 
oscillations in the are circuit are interrupted. If the telephone 
is not inserted directly in cireuit with the valve, but is in- 
serted in the primary circuit of an induction-coil, or air-core 
transformer the secondary of which is inserted in series with 
the valve, the sound in the telephone is still more increased. 

We have therefore strong indications that the are method 
of exciting undamped oscillations gives rise to irregular 
groups of oscillations which are separated by short intervals 
of time. 

In order to be successful at all in producing high frequency 
oscillations by the arc method, I find it essential to pay 
attention to a number of details. One important condition 
of success is, as Mr. Poulsen has already pointed out, that 
the carbon electrode should be kept in slow rotation. If 
the carbon is not rotated, a bulbous deposit of carbon soon 
grows on the electrode and builds up a beak or pimple of 
carbon which makes the arc irregular and soon puts it out. 
The end of the round carbon should be cut off square to 
begin with, but it soon gets rounded off and a little corru- 
gated or milled, and seems to work better when it has been 
used for a short time. Hard arc carbons are better than soft 
for producing oscillations. Secondly, as regards the gas. 
Pure hydrogen works with difficulty. Coal-gas is better, 
but the coal-gas cannot be used over and over again, as 
it is altered in composition by the are, and this seems 
to create a difficulty in the use of the Poulsen are as a 
transmitter in wireless telegraphy on board ship. The 
deposit of soot in the chamber is sometimes excessive. The 
coal-gas must be passed through quickly, but not too quickly, 
and my experience is that if the sides of the containing 
chamber are not kept cool, the deposit of soot is greatly 
increased. The more enriched the coal-gas is the worse 
becomes this trouble. I find it necessary in any case to 
clean out the chamber after a few hours of continuous use. 
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- In the next place, the magnetic field required careful ad- 


justment. If it is too strong, the are cannot be maintained 
without constant interruption. If too weak, the oscillations 
are feeble. 

The various factors—gas, field, arc-length, rotation of 
carbon and water cooling—all require exact adjustment to 
obtain the best result. In laboratory or in lecture expe- 
riments, when effects are only required for a few minutes, 
this is not difficult; but if the apparatus is used as a trans- 
mitter in wireless telegraphy, it must be possible to maintain 
constant for hours together the production of the oscil- 
lations, and so far I have not found that this is a very easy 
thing to do. I have tried many methods for making the 
are self-regulating as to length, but without success. The 
best plan is hand regulation by a skilled assistant. There is 
a particular length of are which for given current and 
voltage produces the oscillations most effectively, and this 
length has to be maintained constant. 

When employed as a wireless telegraph transmitter, the 
question which presents itself for consideration is the efficiency 
of the arrangement as an energy transformer. We supply 
the are with continuous current power, and we create by it 
high-frequency persistent oscillations in the antenna. There 
are several sources of energy dissipation. In the first place, 
the are must be arranged in series with certain regulating or 
ballast resistance to permit of adjustment. I have found 
that very good effects are obtained when working off a 
400-volt pubic supply of direct current or from a 500-volt 
continuous current 5 k.w. dynamo. Then from 50 to 1U0 
volts may be dropped in the regulating resistance when 
working with an are of 8-10 amperes. 

In the next place, there is a large production of heat in the 
chamber containing the arc, the greater part of which is 
removed by the cooling water. We have then a portion of 
the power converted into high-frequency current in the con- 
denser circuit, and this dissipates itself partly as heat in the 
inductance and condenser, and only a fraction of this power 
is radiated by the antenna. We are not really concerned to 
know the manner in which these heat losses are distributed. 
We cannot subject the matter to mathematical discussion 
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unless we make certain assumptions as to the form of the 
curve representing the oscillations, which form has not yet 
been determined. I have found by experiment that the power 
factor of the are when working is not far from unity, and 
hence the power given to the are in the form of continuous 
current can be very approximately determined by the product 
of the are current and the supply voltage. For instance, in 
one case the potential difference of the arc electrodes was 
found to be 320 volts and the are current 8:4 amperes, whilst 
in two separate measurements with the wattmeter the power 
taken up was found to be 2632 and 2674 watts. The product 
of amperes and volts is 2688, and hence the power factor by 
these measurements is 0°98 or 0°99, or practically unity. 

If the current through the are can be kept sufficiently 
constant, which is rather difficult, the power radiated may be 
also measured by the wattmeter. For suppose that we have 
a direct-coupled antenna joined at some point to the con- 
denser circuit, we may then take wattmeter readings with 
and without the attached antenna, and the difference will be 
the power radiated. 

In the case of the long helix above mentioned, the power 
given to the are when the helix was attached to the condenser 
circuit was 2674 watts, as measured by the wattmeter, and 
with the helix removed it was 2632 watts, the arc current 
remaining constant at 84 amperes. Hence in this case it 
appears that the radiation and power consumption due to the 
attachment of the helix is 42 watts. The measurements, 
however, cannot be made very accurately in the case of small 
power radiation. 

In the case of a direct-coupled antenna which is emitting 
a wave-length corresponding to its fundamental oscillation, 
the radiation can be approximately calculated from a formula 
given by Hertz. Hertz shows that in the case of a dumbbell 
oscillator having an electric moment Q, the energy H 
radiated per period is given by the expression 


16 A()2 
E= Bees ergs per period, 


where A is the wave-length of the radiation. 
If © is the capacity of one-half of the oscillator with 
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respect to the other, and V is the maximum potential differ- 
ence of the parts during an oscillation, and / the effective 
length, then Q=CVI. 

If I is the maximum value of the current in the oscillator 
during a period, then 


T=2rnCV and Q?= [i?/422n?, 


where a is the frequency. 


Accordingly, 
2] 2/2 
es See ergs per period. 
Now u = 3x 10 cms./sec. = nr 


is the velocity of radiation. 
In the above equation, I is the maximum current in 
electrostatic measure. If A is the ampere value of the same 


current, then ss 2 If, then, the oscillations are persistent 
and with frequency n, the energy in ergs radiated per second 
from the antenna is 

_ 40? 12/2 
en 


2, 2 
= oe es A? ergs per second ; 


W 


ergs per second ; 


: 2 
= 407? a A? watts. 


For any antenna the ratio of wave-length » emitted to 
effective length / is a fixed quantity and approximates in 
practice for single-wire antenne to 2°5. We have, there- 
fore, this curious result which does not seem to have been 
previously noticed, that the power radiated in watts from a 
linear antenna of any length is given by the expression 
W=64A?, where A is the maximum value of the current 
flowing into the base of the antenna. If (A) is the current 
as read on a hot-wire ammeter inserted at that point, then 


A 
(A) = /2? and W = 128(A)? watts. 


Thus, if such a hot-wire ammeter showed an antenna 
VOL, XXI, D 
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current of 1 ampere (R.M.S. value), the radiation would be 
128 watts, and for the same current is quite independent of 
the height of antenna or the frequency. 

Seeing, then, that open antenne have such enormous 
radiative power, we can in practical yadiotelegraphic work 
employ very small antenna currents when using persistent 
oscillations. 

A complete explanation of all the phenomena involved in 
the Poulsen are can hardly yet be said to have been reached. 
It has been shown by experiments made under the Author’s 
direction in the Pender Electrical Laboratory of University 
College, Tiondon, by Mr. W. L. Upson, that the charac- 
teristic curve or volt-ampere curve for a carbon-metal are in 
hydrogen is a curve falling down with a much steeper slope 
than the characteristic for a carbon-carbon are in air. 

Also that the time during which the electromotive force 
can be removed without permanently extinguishing the are, 
is very much shorter in the first case than in the second. 
Both these facts undoubtedly contribute to enable the pro- 
duction of oscillations of a higher frequency to be obtained 
with a carbon-metal are in coal-gas, as compared with those 
which can be reached with a carbon are in air. 

In order that oscillations may be produced when a con- 
denser circuit is shunted across the arc electrodes, the 
condenser, during its charge and discharge, must cause a 
variation of current through the are, and this in turn must 
cause a variation in the potential difference of the electrodes 
in such direction as to assist the charge or discharge. Thus 
when the condenser is robbing the are of current and so 
decreasing the are current, this must automatically raise the 
potential difference of the electrodes, and when the condenser 
is discharging it must decrease the potential difference. The 
greater this P.D. variation for a given current decrement or 
increment, the greater will be the energy conveyed to the 
condenser circuit. 

In the case of a carbon-carbon arc worked at 10 amperes 
and say 60 volts are P.D., the characteristic curve is rather 
flat, Hence, if we employ a small capacity in the shunt 
circuit we have very little variation of are current and. are 
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P.D., and little or no energy in the condenser-cireuit 
oscillations. We can, however, obtain more energy by 
using, as Mr. Duddell originally did, a condenser of rather 
large capacity, say 1 to 5 microfarads. Moreover, the carbon 
are has a persistence which renders it irresponsive to very 
rapid variations of current. Hence with a large current 
carbon-carbon are in air, we can only obtain rather slow 
oscillations. 

If, however, we employ a carbon-metal arc, carbon nega- 
tive and cooled copper, positive electrodes in hydrogen or 
coal-gas, we then have an are with a very steep characteristic 
curve, and one which responds to exceedingly rapid variations 
of current through it. We can, therefore, employ in the 
shunt cireuit a condenser of small capacity, and yet convey 
to it a considerable amount of energy owing to the large P.D. 
variation in the are caused by a small arc-current variation. 
Hence we can produce oscillations of high frequency. This 
theory is confirmed by the observation that in the case of the 
carbon-carbon are in air for small currents, and in the case 
of the carbon-aluminium arc, the characteristic curve is 
nearly as steep as for large current carbon-metal arcs in 
hydrogen ; and with these particular arcs, viz., the small 
current carbon arc in air and carbon-aluminium arc in air, 
we can obtain oscillations of high frequency. 

Much further investigation is, however, necessary to enable 
us to state precisely the action of the surrounding medium, 
hydrogen, or better coal-gas, in producing this steep charac- 
teristic volt-ampere curve for the carbon-metal arc in these 
gases. 


DIscussion. 


Mr. W. DuppE xz expressed his interest in the experiments, especially 
those in which it was shown that the oscillations were broken up into 
groups. He pointed out, however, that it was possible to obtain con- 
tinuous oscillations with a musical are using high frequencies. The 
question as to the measurement of the power put into the Poulsen Arc 
was of great interest, as also was the question as to the amount of power 
which could be taken from the secondary without stopping the are. He 
questioned Dr. Fleming’s statement that the power put into the are was 
equal to the product ‘‘ AV,” and said that the power should be measured 
with a wattmeter. 

D2 
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Mr. A. CaMpBELL remarked that Mr. Altberg in Odessa had lately 
shown that sparks of high oscillation frequency produce actual air 
vibrations of the same frequency, and by measuring the wave-lengths of 
these air vibrations by diffraction methods he had been able to determine 
the high frequency. 

Dr. FLEMING, in reply, said he was prepared to accept Mr. Duddell’s 
criticism that the power put into the Poulsen Are should be measured 
with the wattmeter. The really important matter, however, was the 
reason why the metal-carbon are in coal-gas could produce oscillations 
of so much higher frequency than the carbon arcinair. This he thought 
was intimately connected with the slope of the characteristic curve. 


Ill. A Form of Cosine Flicker Photometer. 
By J. 8. Dow, A.C.G.L., B.Se.* 


[Plate IT.) 
Tux illumination of the white surface employed in any 


photometer is equal to 2 a , [where I equals the intensity 


of the source illuminating the surface, d the distance of 
this source from the surface, and the angle between the 
rays of light striking the surface and a normal to the 
surface |. 

Hence, when measuring the intensity of a source of light, 
we may either vary “ d,” in which case we utilize the 
inverse square law, or @, in which case the cosine law is 
utilized. 

While the inverse square law is almost invariably utilized 
in photometric measurements, this method is inconvenient in 
one respect. In order to vary “d” the photometer is usually 
moved to and fro between the two sources of light to be 
compared, The observer is therefore obliged to be continually 
moving his head in order to follow the motion of the photo- 
meter, and this is particularly distracting when the eye isapplied 
to a telescope. In order to avoid this necessity, many workers 


* Read June 28, 1907. 
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prefer to keep the photometer stationary and to move one of 
the sources of light. But in the case of gas-lamps and 
many other sources of light, this method is obviously unsatis- 
factory, and, even in the case of glow-lamps, is sometimes 
inconvenient. 

The utilization of the cosine law is advantageous in this 
respect, for the photometer may then be kept stationary and 
the illumination of the photometrical surfaces adjusted in the 
photometer itself. The type of instrument about to be 
described by the author, and shown in fig. 1 (PI. III.), has this 
advantage. Indeed, while it is desirable that such a photometer 
should be mounted on a photometrical bench in the usual way 
for accurate work, the author has used the apparatus shown 
in the Plate for many purposes, such as the comparison of 
the results obtained by the methods of flicker and equality of 
brightness, without employing a photometrical bench at all. 
Also it is evident that the convenience of an instrument of 
this type is independent of the distance between the sources 
of light, provided the illumination of the photometrical 
surface is not too low. 

The general principle of this instrument is shown in fig. 2. 


Fig. 2. 


Sioe View 


Frony View 


The two sides of the rectangular Ritchie wedge, W, are 
illuminated by the two sources A, B. Above the wedge a 
45° mirror, M, is placed so that the observer’s eye at E sees 
an image of the illuminated surfaces reflected in this mirror. 
The wedge is arranged to rotate about the line of intersection 
of the photometrical surfaces as a horizontal axis. To the 


38 MR. J. 8. DOW ON A FORM OF 


observer, therefore, this line appears stationary as the wedge 
is rotated. 

Suppose now that the two sources A, B, are equidistant 
from the wedge. 

Then, if the intensities of the two sources are the same, 
photometrical balance is obtained when the wedge is placed 
symmetrically about a vertical axis, as shown. If, however, 
A, say, is the brighter of the two sources, the wedge must be 
rotated in a clockwise direction, so that the rays from A strike 
the surface presented towards A more obliquely than before, 
while, conversely, the rays from B strike the surface presented 
less obliquely. 

Hence let # represent the inclination of either surface to 
the vertical, when the wedge is in its symmetrical position. 

Let I, I, represent the intensity of A and B respectively. 
IT, cosa 

qd? 
Similarly, the illumination of the surface facing B is 
1, e z ; hence if I,=I, the surfaces appear equally illu- 
minated and we obtain photometric balance, with the wedge 
in its symmetrical position. 

Suppose now that I, is greater that I,, and that it is 
therefore necessary to rotate the wedge through an angle @ 
in a clockwise direction, in order that the illuminated surfaces 
may appear equally bright. 

The illumination of the surface presented to A is now 


I be tata ne 
Doee) and the illumination of the surface presented 
2 


The illumination of the surface facing A is then 


to B js 12008 (= 9) 
a? ; 


Therefore T, _ cos (a— 9) 


I, cos (a+@)°* 


The ratio _ corresponding to each value of @ is therefore 
2 


known. In this case the angle « was made 45° for, by so 
doing, the maximum angular range of photometrical reading 
is obtained. 
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A lever, rigidly attached to the wedge and utilized by the 
observer to rotate it, also served as a pointer indicating the 
T, _ cos (45—8) 
I, cos (45+@) 


value of @ and the corresponding ratio 
a scale attached to the instrument. — 

This arrangement is shown in fig. 1. 

The scale is also diagrammatically exhibited in fig. 3 (p. 39). 
The most serviceable portion of this scale lies in the 
neighbourhood of 0-2 to 5°0. Outside this range the values 

cos (45—8@) 

cos (45+ 4) 
of 6, for satisfactory readings. At the extreme ends of the 
scale, too, the rays necessarily strike one of the photometric 
surfaces very obliquely, and therefore emphasize any in- 
equalities or roughness in texture of the surface and reduce 
the sensibility of the instrument. | 

At present fine plaster of paris has been used by the author 
to secure white matt surfaces. Under these conditions, the 
theoretical readings on the scale deduced from the cosine law 
agreed very closely with those obtained experimentally and 
assuming an inverse square law. 

Between the limits 0°2 to 5 the agreement was within 
3 per cent., and probably the substitution of perfectly ground 
photometric surfaces for those prepared by hand would result 
in still closer agreement. 

Beyond these limits, however, the agreement was naturally 
less satisfactory. Hence it seems desirable, when using an 
instrument of this type to assign convenient distances to the 
sources of light and to utilize the most open, central, portion 
of the scale. 

When using a photometer with inelined photometric sur- 
faces such as occur in the Ritchie wedge, attention must be 
paid to the possibility of “angle-errors,” 7.e. errors introduced 
by uncertainty as to the exact angle at which the rays of 
light strike the illuminated surfaces. In this case a consider- 
able rotation of the photometer, as a whole, about a vertical 
axis will alter the illumination of both surfaces equally and 
will, therefore, not affect the photometric result. But if the 
two sources are not in true alignment with the photometer, 


5 on 


change too rapidly with increasing values 
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or if the photometer is tilted slightly about a horizontal axis, 
the illumination of the photometric surfaces may be differently 
influenced thereby, and errors may result. 

Suppose, for instance, that we are comparing the intensities 
of two glow-lamps each half a metre distant from the photo- 
meter. Then, if the centre of illumination of one of these 
sources is raised say, one centimetre, the angle at which the 
rays from this source strike the surface presented to it is 
altered by about 0°6 degrees. This corresponds to an 
alteration of illumination of about one per cent., when the most 
open, central portion of the scale is used. 

It is desirable, therefore, that the sources of light should 
be distant not less than, say, 1 metre from the photometer. 
It should then be possible to adjust the alignment of the 
lamps with sufficient exactitude to avoid appreciable error 
from this source. Indeed, in making accurate experiments 
with any photometer, it is desirable that the distance of the 
sources from the photometer should not be less than this value. 
Otherwise the inverse square law cannot be rigidly applied 
owing to the fact that the centres of illumination are rarely 
correctly located *. 

A tilt of only one degree of the photometer, as a whole, 
about a horizontal axis would cause an error of about 4 per 
cent., even when the most favourable portion of the scale is 
used. It is, therefore, desirable that no appreciable tilt of 
this character should be introduced either by inequalities in 
the level of the bench or undue play in the carriage of the 
photometer. 

Yet, it may be pointed out that the “double comparison 
method,” now almost invariably used when careful photo- 
metric tests are attempted, eliminates all want of photometric 
symmetry in a stationary photometer and would completely 
eliminate the above source of error, if the same portion of 
the scale was used in both experiments. 

This instrument can be utilized either on the Equality of 
Brightness or Flicker principle. 


* ‘Plectrician,’ Sept. 14th, 1906, for some notes by the author on 
this point. 
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This is accomplished as follows. 


Fig, 4. 


The image of the wedge, as formed by the mirror M, is 
outside the focal length of the convex lens Ij, and this 
together with the lens L, forms a real image of the illuminated 
surfaces in the plane of the aperture at A. The eye of the 
observer applied to the third lens L; sees a magnified image 
of the aperture and the illuminated surfaces—both simul- 
taneously in focus. 

If, now, an observer is comparing, say, a red source with 
a green one, the field of view appears to him as shown in 
fig. 5a, when the lens I, is stationary. He then adopts as 
photometric balance the position of the photometer-wedge in 
which the red and green fields appear equally bright. 

The element of flicker may, however, be introduced by a 
modification of the method due to Rood*. The lens, Ly, is 
mounted on springs and attached to a cord passing over a pin 
mounted eccentrically on the pulley of a small electric motor. 
When the motor is caused to rotate the lens oscillates to and 
fro and the boundary between the photometrical surfaces 
appears to oscillate with it. A band of flicker is thus pro- 
duced, and the field of view assumes the appearance shown 
in fig. 5. 

* Amer. Journal of Science, 1899, p. 194. 
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The observer may then judge the position of photometric 
balance by observing the cessation of flicker in the band. Or 
he may drive the motor so fast that all flicker disappears and 
the intermediate band merely assumes a colour intermediate 
between that present in the two adjacent portions of the field 
of view. He may then use this intermediate colour to assist 
him in his decision as to the exact point when all three 
sections of the field of view appear equally bright. 


Fig. 5, 


FLICKER) 


(2) (bd) 

The question may now be raised whether, when using this 
instrument, the results of using the Equality of Brightness 
and Flicker methods is the same. 

The author has found that for widely different colours and 
for certain portions of the retina this is not the case *. Under 
the conditions present in this instrument, however, the agree- 
ment was very close unless the colour difference was very 
marked indeed. This is illustrated by the results shown 
in the following :— 


Nature of Lights Results by Flicker Result by Equality of 
compared. method. Brightness method. 
White to White ......... 1-031 1-034 
White to Apple-Green. O911 0-906 
(impure) 
White to deep Green ... test 1-08 
White to deep Red ...... 2:23 2-09 


* Proc. Phys, Soc. vol. xx. 


44 MR. J. S. DOW ON A FORM OF 


When comparing lights of the same colour the sensitiveness 
of the photometer seemed to be very much the same for both 
methods, but when the comparison of sources of light differing 
widely in colour was attempted, the Flicker method gave rise 
to the most consistent results. 

It seems possible that the sensitiveness of a photometer of 
this type might be improved by introducing the element of 
contrast in the manner shown in fig. 6 (Pl. IIL.) 

Hach of the photometrical surfaces is shown divided into 
3 equal and similar portions. The portions 2 and 5 are 
intended to be as white as possible. The portions 1 and 6 
are tinted with a neutral wash of such depth as to reduce the 
coefficient of reflexion from the surface by say 4 per cent., 
while 3 and 4 are intended to be intermediate in shade 
between 1 and 5 and 2 and 6 respectively. 

Now if the Equality of Brightness method is used, the 
observer attempts to set the wedge so that 3 and 4 appear 
equally bright. The contrast in light and shade exhibited 
between 1 and 2 and 6 and 5 respectively should then be 
the same. 

If, now, the wedge is rotated slightly in a clockwise 
direction, the contrast between 1 and 2 becomes more marked 
but that between 6 and 5 less marked than before. 

We have thus a double change such as occurs in the 
Lummer-Brodhun contrast photometer and a corresponding 
gain in sensitiveness. If the Flicker method is used a corre- 
sponding effect will exist. 

The author has endeavoured to facilitate the comparison 
of heterochromatic sources of light by applying Crova’s 
method. 

As the temperature of an incandescent solid is raised, the 
luminous radiation in the form of waves of short wave-length 
increases more rapidly than the luminous radiation of great 
wave-length. 

According to the principle discovered by Crova™, however, 
the luminosity in the spectrum of such a source in the neigh- 
bourhood of A=0°582u is a measure of the total luminosity 
of the source. Crova therefore proposed to view the surfaces 


* Comptes Rendus, vol. cxix. no, 16, p. 627. 
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illuminated by two heterochromatic sources through a 
solution allowing only rays in this portion of the spectrum 
to pass. This solution was composed of :— 

Anhydrous ferric chloride, 22°32 gms. 

Crystallized nickel chloride, 27°19 gms. 

Distilled water, 100 ce. 

It must be noted, however, that the principle on which 
Crova’s method depends, only applies rigidly to an incan- 
descent body yielding a continuous spectrum. 

In the case of a luminescent vapour yielding a spectrum 
in which the luminosity is concentrated in isolated bright 
_lines, the method is inapplicable. 

Yet, since the portion of the spectrum which Crova’s 
method proposes to utilize is by far the most valuable portion 
from an illuminating point of view (7. e. the portion which, 
for a given expenditure of energy, produces the greatest 
sensation of brightness), the method may prove satisfactory 
even in many cases of this character. 

The chief difficulty which the author has found in applying 
this method lies in the fact that, if a sufficient depth of 
solution is employed to restrict the light passing to a very 
narrow region of the spectrum, and hence to render the 
colours of the two illuminated surfaces identical, the lumi- 
nosity of the surfaces becomes, as a rule, inconveniently low. 
The only case, in fact, in which the author succeeded in 
obtaining an apparently perfect colour match without undue 
loss of illumination, was when comparing an arc lamp against 
an incandescent mantle. 

When a flicker was utilized, however, it was found that a 
depth of 3 millimetres of solution, which, while most trans- 
parent to yellow rays, actually allowed rays from X=0°52 to 
rA=0°68pu to pass, rendered the ee of most sources 
distinctly easier. 

The following are a few cases in which this method was 
applied. 

Carbon Glow-lamp compared with Nernst lamp. 

Argand Gas-burner __,, » Incandescent Mantle. 

White Are-light a », Incandescent Mantle. 

White Arc-light + » Argand Gas-burner. 


Flame Arc-lamp (Excello carbons) compared with Argand Gas-burner, 
Flame Arc-lamp (Bremer carbons) s », Argand Gas-burner. 
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In all these cases the means of a set of photometrical 
results obtained with and without the Crova screen agreed 
very closely, in the first two cases within 2 per cent. 

The unsteady nature of the are lights rendered very exact 
comparisons with these lights impossible, but in this case also 
the difference seemed to be, at any rate, less than 5 per cent. 

All these sources of light, however, yield a continuous 
spectrum. It is true that some isolated bright lines, super- 
imposed over the main spectrum of the are, serve to increase 
the efficiency of the flame carbons. Yet the brightest of 
these lines were congregated in the yellow and orange and 
would, therefore, not seriously affect the applicability of 
Crova’s method. 

Quite otherwise were the results obtained when comparing 
a mercury-vapour lamp against a carbon-filament glow-lamp. 
The luminosity of this lamp was concentrated in three isolated 
bright lines in the yellow, green, and violet respectively, 
practically no red rays being present. 

It was found that the depth of solution utilized in the 
experiments described above not only failed to very notice- 
ably improve the colour difference between the sources but 
also seriously affected the photometric results obtained. 

The use of yellow screens in order to facilitate the photo- 
metric comparison of heterochromatic sources of light is 
certainly only justifiable in the case of illuminants yielding 
continuous spectra. 

Even in this case it is essential that the yellow screen 
should exhibit absorbing properties similar to those of Croya’s 
solution, namely minimum absorption in the neighbourhood 
of A=0°58, and a uniformly increasing absorption on either 
side of this point. 

DIscussIoNn. 


Mr. ParrErson complimented the author upon his paper and experi- 
ments. With zeference to the cosine instrument he asked if the cosine 
law was trustworthy at very acute incidence of the light. The unequal 
sensitiveness of different parts of the retina accounted for the fact that it 
was possible to obtain different balance-points by fixing attention on the 
different sides of a Ritchie wedge. 

Mr. J. S. Dow, in reply, said he had only worked with photometers 
with wedges of 90°, but he was certain that the cosine law would not hold 
at acute incidence on account of the large amount of regular reflection. 
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IV. On Magnetic Oscillators as Radiators in Wireless 
Telegraphy. By J. A. Furmine, D.Se., F.R.S.* 


An oscillator of the open or Hertzian type is commonly 
called an electric oscillator because the effects produced 
in the external field are to a large extent determined by 
the potential of the free electric charges which alternately 
make their appearance on the open ends. If, however, the 
oscillator consists of a metallic circuit completed by a con- 
denser, the plates of which are very near together, the effects 
in the external space are mostly or entirely determined by 
the current in the circuit and little if at all by the con- 
denser-plate charges, because these being of opposite sign 
end near together neutralize each other’s effects in the field. 
Such a closed or nearly closed circuit is called a magnetic 
oscillator. In the case of an open oscillator or simple doublet 
Hertz showed that if ¢ is the maximum electric moment, or 
product of the maximum static charge on each end and the 
distance between them, and if » is the wave-length of the 
emitted radiation, the energy radiated by the oscillations in 
ergs per period is given by the expression 


pee eC) 


This expression can be reduced to a more convenient form 
for practical measurement as follows :— 

Let C be the capacity in microfarads of each sphere or 
half of the oscillator with respect to the other, and V be 
their maximum potential difference in volts before discharge, 
then 9x 10° C V/300=3000 C V is the maximum value of 
the charge in electrostatic units. 

Hence if / is the length of the oscillator in cms., we have 
for the electric moment, 


$=30000.VI...... (2) 


Let the current at the centre of the oscillator have a 
maximum value A reckoned in amperes, and let a be the 


* Read October 25, 1907. 
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root-mean-square or effective value in amperes as measured 
by a hot-wire ammeter. 

Then, if the oscillations are sinoidal in form, undamped or 
persistent, and of frequency N, we have 


A=2nrNCV/10,. . . 


A 
a= 


Hence the energy HE radiated per period in ergs is 
given by 
aes : 
H=47? 10° x5 N’ . . : . . (5) 
and the power W in watts by 
2 
W=407? GA’. a 


Remembering that 7?=9°87 and NA=3 x 10", we can write 
the above formule in the convenient form 


2 
B=0-26325 a? ee ae 


Pe 
een 
The value of the ratio 1/2 can be determined experiment- 
ally for any oscillator. For a simple linear oscillation it 
approximates in value to 0°4. Hence for such an oscillator 
radiating undamped waves, the power radiated in watts is 
given by the expression W=126a’. Thus, for instance, if 
the effective value of the current at the centre of the 
oscillator is‘2 amperes, the radiation will be half a kilowatt. 
If we then consider the case of a perfectly closed oscillation 
circuit having an area S and traversed by undamped or 
persistent oscillations which have a maximum value A and 
R.M.S. value a reckoned in amperes, it can be shown that 
such a closed circuit also radiates energy, and we can derive 
a similar formula for the radiation to that given by Hertz 
for the open circuit. The author has shown that if M is 
the maximum magnetic moment of such a closed circuit *, 


W =789°6 


* See ‘The Electrician,’ vol. lix. p. 9386 (1907). A series of articles on 
‘The Elementary Theory of Electric Oscillators,” by J. A. Fleming. 
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viz., the product of its area S and the maximum value of the 
alternating current (reckoned in electromagnet measure) in 
it; and if X is the wave-length of the radiation emitted by it, 
and E the radiation in ergs per period, then for the magnetic 


oscillator we have 
167*M2 


H = SBOE ie ° ° ° . . ° (9) 
But by definition M==AS/10, and if the current is sinoidal 
a=A/,/2, hence we have 


2 
Cet eee. . (10) 


Furthermore, if the oscillations are persistent the power in 
watts W radiated is given by 
Sa? 


W=31,200 Pe: . . . ° ° (11) 
The formule (8) and (11) can be written in the form 


vs 7 (open or electric 
Bex 10-7 aN? oscillator), 12 


2) 
W= 4x 10-38 S2q2N4 (closed or magnetic | 
oscillator). 

These last two formule show us that in the case of the 
open or electric oscillator the power radiated varies as the 
square of the current in it, and as the square of the frequency, 
whereas in the case of the closed or magnetic oscillator it 
varies as the square of the current but as the fourth power of 
the frequency. Accordingly, in the case of the magnetic 
oscillator the radiation is small unless the frequency is very 
high. 

For the purposes of theory, it is most convenient to consider 
a closed oscillatory circuit as made up of a series of Hertzian 
or dumbbell oscillators placed in series with their electric 
poles of opposite sign overlapping. We can then easily 
determine the nature of the electric and magnetic field 
produced by it by the summation of those due to the 
elementary oscillators. As the writer has given lately in 
another place a discussion of the problem and furnished the 
expressions for the electric and magnetic forces at any point 
in the field of such a closed oscillator and the derivation of 
the formula (10) for the radiation, it is unnecessary to go 

VOL, XXI. E 


50 DR. J. Ae FLEMING ON MAGNETIC OSCILLATORS 


over the ground again here. (See * The Electrician,’ vol. 59, 
p- 936 et seq.) 

The object of the following experiments was to obtain 
some information as to the actual distance-effects of closed 
oscillators of certain dimensions, and to ascertain whether 
true radiation was at all influential in producing the inductive 
action of one closed oscillatory circuit on another at moderate 
distances, or if the whole of the action could be accounted for 
by ordinary electromagnetic or Faradaic induction. 

The following circuits were employed for this purpose :— 

Two pair of square circuits were constructed by winding a 
few turns of highly insulated copper wire round a wooden 
cross. 

One pair had sides 8 feet in length, each frame carrying 
two coils of 5 turns of 7/21 stranded insulated copper wire. 
These will be referred to as the “large square coils.” 

One pair had sides 2 feet in length, each frame carrying 
one coil of 8 turns of the same sized wire. These are 
referred to as the ‘small square coils.” ; 

The experiments consisted in setting up continuous or 
undamped oscillations in one of these coils by means of a 
Poulsen are and then measuring the current create in the 
corresponding coil placed at a distince by means of the 
Author’s oscillation-valve or glow-lamp detector. The two 
coils were placed at various distances and in various respective 
positions, The coils themselves were erected or placed in 
the large quadrangle of University College, London. As the 
are apparatus had to be placed indoors in the Electrical 
Laboratory it was necessary to connect the coil used as a 
transmitter or primary coil with the oscillation-producing 
apparatus by means of a long pair of insulated parallel 
copper (7/21) wires 14 cms. apart and 273 feet or 836 cms. 
long. 

The first step was to measure the inductance of these wires 
for high frequency currents. Anderson’s bridge method was 
employed with a commutator as described by the Author *. 

* See J. A. Fleming, “A Note on the Measurement of Small Inductances 
and Capacities,” Phil. Mag. May 1904, p. 586. 

See also J. A. Fleming and W. C. Clinton, “On the Measurement of 
Small Capacities and Inductances,” Phil. Mag. May 1903, p. 493. 
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The inductance of the parallel wires or tails above men- 
tioned was found to be 50,910 ems., and that of one large 
coil of 5 turns on the 8-foot square together with the tail 
(L) was 310,740 cms. Hence the inductance of the coil 
itself of 5 turns was 259,830 cms. The inductance of the 
two coils each of 5 turns in parallel was 198,350 cms., and in 
series 779,300 cms. 

The inductance of each of the small or 2-foot square coils 
was in the same manner found to be 116,200 cms. 

In series with these coils was placed a condenser having 
a capacity (C) of 0-0026 mfd. and the coil and condenser 
shunted across a 400-volt Poulsen are. 

The are current was generally about 8 amperes, the 
potential difference of the are terminals (V,) 260 volts 
(continuous). The potential difference (V,) (R.ML.S. value) 
of the condenser terminals was 1580 volts as measured 
by an electrostatic-voltmeter and the R.M.S. current (a) in 
the square coil was 4°22 amperes as measured by a hot-wire 
ammeter. The frequency N of the oscillations is given by 
the formula N=(5-033 x 10°)/ “CL. Hence if C=0-0026 
mfd. and L=310740 ecms., we have N=177,100. If the 
R.M.S. current (a) in the coils were strictly sinoidal in wave- 
form, the value should be calculable from the formula, 

a oat 
a= 10° e VN 
where V= VV\?—V,?= ¥V/(1580)?—(260)?= 1560 volts. 
Ilence we should have 
44 26 


a= X soi0 x 1560 x 177100 =4°52 amperes. 


The actual measured value was 4°22 or 7°3 per cent. less, 
which may be accounted for by the known fact that the actual 
wave-form of the current in the coilis not by any means truly 
sinoidal. 

The wave-length 2 corresponding to a frequency of 
177100 is nearly 169,000 cms., or rather more than 1 mile 
in length. 

The total area S of the large coils using the 5-turn 
circuit is 5 x (243°2)? cms.=295,731 sq. ems , and the value 

E2 
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of S2a2 is therefore (295731)? x (4°22)?=156 x 10%. Also 
(177100)*= 554523 x 10 For a closed square radiator the 
energy in ergs radiated per period is given as already men- 
tioned by the expression 
‘ S2q? 
E=10°4 x 


Hence we have in this case for the power W radiated in ergs 
per second, 
ww L0ed x 156 x 177000 


AGES = 522 (nearly) 


or about 52 microwatts. 

This is the energy sent out per second through the surface 
of a sphere described round the oscillator the radius of 
which is large compared with the wave-length of the oscil- 
lator in question. 

It is evident therefore that the true radiative power of a 
closed circuit of the above dimensions is extremely small 
compared with that of an open oscillator of the same order 
of linear dimensions. 

Hence when a closed circuit traversed by a high frequency 
current acts to produce secondary currents in another similar 
circuit at less than a wave-length distance from it, the chief 
part of the effect cannot be due to true radiation or detached 
energy but is the result of ordinary electromagnetic induc- 
tion, or the creation of secondary currents produced by the 
ebb and flow or pulsation of the lines of magnetic force per- 
manently connected with the primary circuit *. 

Nevertheless experiment shows that such circuits may act 
appreciably upon one another at very considerable distances, 
when the primary circuit of one is traversed by a high 
frequency current, and the circuits are in resonance with 
each other. 

The old form of wireless telegraphy based upon such 
mutual induction between closed coils, as in the arrangement 


* Moreover, just as in the case of the Hertzian oscillator true radiation 
or detachment of energy only takes place about + or 3 a wave-length 
from the oscillator, so in the case of the closed or magnetic oscillator true 


radiation effects can only be produced at a similar distance from it. 
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suggested by Trowbridge and Stevenson, or the parallel wire 
method of Preece, Rathenau and others, employed relatively 
low frequency currents because the receiver used was the 
telephone, and the frequency was therefore limited by the 
range of audition. Even when the circuits were put in 
resonance, as by Lodge, the difficulties connected with the 
disturbance of commercial telephony restricted the possibilities 
of its use apart from other considerations. 

One object of the present experiments was to obtain data 
for an opinion whether such inductive wireless telegraphy 
could be improved by the use of electric oscillations of high- 
frequency in completely non-earthed circuits so that no 
disturbance of telephones or telegraphs could possibly arise 
combined with the use of a suitable oscillation detector. 
With this end in view, a closed primary-circuit had created 
in it continuous or undamped electric oscillations, and its 
inductive and radiative effect upon a similar closed receiving 
circuit was measured by means of the Oscillation Valve or 
Glow-Lamp Detector first described by the Author in 1904. 

It consists of a 12-volt carbon filament glow-lamp with a 
metal cylinder surrounding the filament sealed into the bulb. 
The cylinder is carried on a platinum wire sealed through 
the glass. The filament is incandesced by a 6-cell secondary 
battery. If the terminals of a condenser inserted in an 
oscillatory circuit are connected, one to the cvlinder and one 
to the negative terminal of the lamp filament, and if an 
ordinary movable coil galvanometer is inserted in this 
circuit, then when oscillations occur in the condenser the 
glow-lamp acts as an electrical valve and the galvanometer 
is traversed by a continuous current which bears a definite 
relation to the potential difference of the condenser terminals 
and therefore to the current into it*. 

* This glow-lamp detector or oscillation valve was first described by 
me in a British Patent Specification, No. 24,850 of 1904, and in 
a Paper to the Royal Society (see Proc. Roy. Soc., vol. lxxiv. p. 476) 
in February 1905. Also in a United States Patent Specification, 
No. 803,684 of 1905, and in a Paper to the Physical Society of London 
(see Phil. Mag. May 1906), as well asin a book on the Principles of 
Electric Wave Telegraphy, pubished in May 1906. These publications 


apparently failed to make it known in the United States, for in October 
1906 Dr. Lee de Forest described to the American Institute of Electrical 
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To calibrate the valve the following arrangement was 
employed. An oscillatory circuit was arranged consisting 
of one of the small square coils L (see fig. 1) and a condenser 
or Leyden jar Cin series with it. In this circuit at one point 
was inserted a fine constantan wire having a thermo-junction 
(1) of iron and bismuth or bismuth and tellurium in contact 
with it. The arrangement actually employed was either the 
thermo-junction used with the Author's Cymometers or else 


Fig. 1. 


the thermoelectric receiver described some time ago* (see 
figs 1). 

The galvanometer A associated with the junction was a 
5-ohm single-pivot Paul galvanometer. The arrangement 
was calibrated by first passing measured continuous currents 
through the constantan wire and observing the corre- 
sponding scale-readings of the Paul galvanometer. The 
curve plotted out proved to be very approximately a parabola, 
the galvanometer deflexion being very nearly proportional 


Engineers precisely the same device, viz., a carbon filament glow-lamp 
having a plate sealed into the bulb as a detector for electric oscillations, 
as his own invention and re-christened this two-year old appliance an 
audion. No re-christening, however, affects the fact that the appliance 
had been in use by me long previously and especially described as a 
receiver for wireless telegraphy. 

* See “Radiation from Bent Antenne,” by J, A. Fleming, Phil. Mag. 
December 1906, p. 592.. 
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to the square of the heating current sent through the con- 
stantan wire. When electric oscillations were set up in the 
cireuit they heated the constantan wire and caused a 
deflexion of the Paul galvanometer from which by the 
previous calibration their mean-squre value could be deter- 
mined. In addition the oscillation valve V joined in as shown 
in fig. 1 passed a continuous current through the galvano- 
meter G in its circuit, and readings were taken of this current 
in microamperes corresponding to various measured values 
of the oscillatory current in the square cireuit which passed 
through the constantan wire. 

The object of this calibration was to be able to use the 
valve subsequently as a means of measuring the oscillatory 


Fig. 2, 
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current induced in the circuit when it had a value less than 
_that which could be easily measured by the thermojunction, 
for when associated with a suitable mirror-galvanometer it 
provides the means of measuring a high frequency current 
of a few microamperes. Moreover it does not introduce 
any extra resistance into the circuit, as would have been the 
ease if the constantan wire and themojunction had been 
permanently inserted into the circuit, Observations showed 
that the galvanometer current did not increase proportionately 
to the condenser plate potential difference, but tended to a 


“ saturation’ yalue as shown by the curve in fig. 2.. 
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The large (8-feet) square coils were then set up in the 
quadrangle of University College, one being used as a trans- 
mitter and the other as a receiver circuit. 

The transmitter coil, in series with a suitable condenser, 
was connected by the long parallel wires or tails with a 
Poulsen are in the adjacent electrical laboratory, and per- 
sistent oscillations excited in it. The similar receiver cirenit 
at a distance had a condenser of equal capacity in series with 
it and a variable inductance for tuning. The oscillation valve 
had its terminals connected to the receiver circuit condenser- 
plates and wires taken from it to a mirror galvanometer 
placed in a distant room. The transmitter coil had then 
persistent oscillations set up in it by the arc, and the trans- 
mitter and receiver coils were placed at various distances and 
in various relative positions, and the current created in the 
received circuit was in each case measured by the galvano- 
meter and valve. 

When either of the square coils were placed with their 
planes normal to the line joining their centres and vertical 
to the earth surface, we shall call this position A. When 
either of them were placed with plane parallel to the line 
joining their centres and vertical to the earth we shall call 
the position B, and when they were placed with plane parallel 
to the surface of the earth we shall call this position C. 
Thus if we represent the coils as seen in plan or looking 
down on them from above we can denote these positions as 
follows: — 


A A 


B ecmeouey aos! ¢ isis aes B 


The dotted lines represent the line joining their centres. 
The following experiments were then made :— 


Bxp. I. Lfect of varying the position of the coils—The two 
8-feet coils of 5 turns each were set up with centres 60 feet 
apart. The transmitter current was 5-4 amperes. The 
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capacity in the transmitter circuit 0:0026 mfd. The receiver 
was tuned to a frequency of 164,000 in syntony with the 
transmitter and undamped oscillations were set up in the 
latter by the arc. The electric arc was adjusted to keep a 
constant high-frequency current in the transmitter circuit of 
54 amperes. The arc current itself was 8 amperes and arc 
P.D. from 260 to 320 volts. 

The transmitter was put successively in positions A, B, and 
C, and in each case associated with receiver in positions A, 
B, and ©, and the receiver or secondary current in milli- 
amperes being measured. The results are tabulated in 


Table I, 


TaBts [, 
Transmitter Receiver Secondary Current 
Position. Position. in milliamperes, 
A A 24-16 
‘5 B 10°77 
+ Cc 20°98 
B A 5°25 
” B 20°45 
‘f 10) 18:10 
(0) A 6:56 
a B 22°58 
* Cc 37:00 


When the coils were in position C their planes were 6 inches 
above the ground. 

The figures in Table I. show that when both coils were in 
position C the receiver current exceeded that in any other 
position, and that although the receiver current was small 
with the coils in the positions of zero mutual induction, 
viz. (A.B.), (B.A.), or (C.A.), it was not small in the 
position (A.C.). 

In the case of two small coils placed at a distance large 
compared with their dimensions the magnetic induction for 
a steady field should by theory be twice as great in the 
position (A.A.) as in the position (B.B.), and should be the 
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same in position (C.C.) as in position (B.B). Also zero 
in the 6 positions (A.B.), (B.A.), (C.B.), (B.C.), (A.C.), 
(C.A.). 

But when using the high-frequency primary current 
the secondary current is still large in the cases (A.C.),( B.C.), 
and (C.B.), viz., when either the receiver or transmitter coil 
has its plane parallel to the earth’s surface. 

Subsequent results showed that the height of the coils 
above the ground affected this result considerably. Never- 
theless the exalted effect in position (C.C.) is interesting and 
convenient because it is easy to construct large circuits out 
of doors in positions (C.C.) and very much less easy without 
the aid of tall masts to make them in the positions (A.A.) 
or (B.B.). 


Exe. I. LHffect of varying distance. Coils vertical.—The 
same pair of coils were set up on positions (A.A.) and their 
distances varied. The receiver circuit was tuned to a frequency 
of 162,000, and the primary current was 4°7 and 5-4 amperes 
in two sets of observations respectively. 


TABLE II.—Coils in position (A.A.). 


Distance of Centres| Primary Current | Secondary Ourrent 
in feet, in amperes, in milliamperes. 
78:0 54 | 137 
123°5 a 6:46 
170° x VED 79 
237-0 “s 0:12 
36:2 47 419 
88:0 S 6:99 
1232 A 3:05 
1697 3 101 
237-0 se O1l 


The results are plotted in the curve in fig. 3. 
The curve shows that the inductive effect decreases at 
first very rapidly with the distance, less rapidly than. the 
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inverse cube but rather more than the inverse square of the 
distance. 


Fig. 3, 


Lo] 
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Expr. UL. Effect of varying distance. Coils horzontal.— 
The same coils were set in positions (C.C.) with centres 
6 inches above the ground. The receiver circuit was tuned 
to a frequency of 162,000, and the primary current was 
54 amperes. 


TasBLE III.—Coils in position (C.C.). 


Distance of Centres | Primary Current | Secondary Current 
in feet. in amperes. in milliamperes. 
33 54 53:1 
68 ” 41-4 
121 ae 12-4 
175 $ 0°57 
236 FS 0:28 


Here again the current falls off at a rate between the 
inverse cube and inverse square, but the secondary current 
has a much greater absolute value for the same distance than 
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with the coils in positions (A.A.). The results are set out in 
the curve in fig. 4, 
Fig. 4. 
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Exe. 1V. Effect of varying distance. Small coils horizontal 
aud 6 inches above the ground.—A similar set of measure- 
ments were made with the small coils 2 feet in side and 
having 8 turns on each coil. The primary current was 5°4 
amperes. The receiver circuit was tuned to a frequency of 
214,400 in syntony with the transmitter current. 

The coils were placed at various distances and the receiver 
currents measured. 


Taste IV. 
Distance of Centres) Primary Current | Secondary Current 
in feet. in amperes. in milliamperes. 
20 5-4 2:045 
35 x 0402 
55 s | 0.228 
80 ” 0:045 
105 7 0-027 
130 ” 0-034 
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The same law of variation holds good in this case also as 
shown by the curve in fig. 5. 


Fig. 5. 
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Exe. V. Effect of varying height above the ground. Coils in 
position (A.A.) vertical.—The large coils were employed and 
raised step by step to various heights above the ground. The 
primary current was 5-4 amperes. The receiver was tuned 
to a frequency of 162,000. The distance of the coils was 
68 feet. The coils had their planes vertical and parallel to 
each other except in the last case when they were placed 
horizontal or in positions (C.C.) for comparison. 


TABLE V. 
Height of centre 
of Coil above Receiver Current Coil Positi 
ground, in feet and | in milliamperes. pie DeOn. 
inches. ) 
ft. ins, | 
4 10 20-98 |  Ovils vertical (A.A) 
7 2 21:76 ett ae 5 
5 0 21°50 Re = as 
10 10 16°84 ” ” ” 
0 6 31-08 Coils horizontal (C.C.) 


Here again is shown the improved effect of placing the 


62 DR. J. A. FLEMING ON MAGNETIC OSCILLATORS 


coils with their planes parallel to the earth’s surface. These 
observations are plotted in the curve shown in fig. 6. 


Fig. 6, 
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Exe. VI. The same measurement was made with the small 
coils 2 feet square of 8 turns, placed at a distance of 60 feet. 
The primary current was kept at 5-4 amperes. The receiver 
was tuned to a frequency of 214,000 and the secondary 
current was measured for various heights of the coils above 
the ground, the coils being vertical and in positions (A.A.). 


Taste VI. 
\ 
Coil ahuve the ground, |  Seeondary Current In 
in feet and inches. | I : 

its ips: 

ee 0-166 
Lai 4 0-460 
1 8 0-452 
2 3 0515 
3 2 : 0:570 
Sy evs 03827 
7 2 0176 
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The results of the last two experiments is to show that 
for constant primary current the receiver current is a 
maximum for a certain height of the coils above the earth’s 
surface. The observations are delineated in fig. 7. 


Fig. 7. 
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Tt is obvious, however, that all the measurements in which 
the coils are placed horizontal and at varying heights above 
the ground need caution in interpreting them. When the 
coil is placed with its plane parallel to the earth, currents 
must be induced in the soil, and the effective inductance of 
the coil and therefore the frequency of the current must 
be altered. The nearer the ground the less is the effective 
inductance of the coil, but on the other hand the capacity is 
inereased. Hence, even if the primary high-pressure current 
is kept constant, there will be variations of frequency which 
affect the inductive action of the primary on the secondary. 
That such is the case was shown by the results of a further 
set of measurements with the large coils, the power taken up 
in the are and its power-factor being observed at the same 
time. 
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Exe. VII.—Large square coils placed parallel to the 
earth. Distance 68 feet. Receiver tuned to a frequency of 
162,000 approximately in syntony with the transmitter. The 
coils were raised to various heights above the ground and 
the secondory current measured. The transmitter current 
was kept constant at 5°4 amperes. 


TaBLe VII. 
ine th eae ee Rees Power pacts rice 

Brae in watte, of Are, | milliamperes, 
ft. ins 

On ground 2328 10 45'8 
O'2 1424 091 474 
0 6 1096 0-86 41:2 
ea! 1104 0:89 27:7 
Neg 1248 0-92 1 22°0) 2 
2 2 1272 0:93 16:0 
4 0 1640 1:00 5:18 
G6. 0) 1856 0:98 8:03 


The above observations are reduced to graphic form in fig. 8, 
Fig. 8. 
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They show how much the receiver current varies with the 
height of the coils above the ground, the maximum value 
being reached when the coils are about 2 inches above the 
surface. Also they show that when the coils are laid flat on 
the ground there is a great increase in the power taken up 
by the are. 

Raising the coils from 6 inches to 6 feet above the ground 
decreased the secondary currents to one-fifth. 


Exp. VIII. Comparison of coils of different areas.—The 
two large or 8-feet coils were compared with the two small 
or 2-feet coils. In both cases the distance between primary 
and secondary was 79 feet, and the coils were parallel to the 
earth and at 6 inches above the surface. In both cases the 
primary current was 5:4 amperes, 

The small coils had 8 turns and were tuned to a frequency 
of 214,400. 

The large coils had 5 turns and were tuned to a frequency 
of 162,000. 


TasiE VIII. 


i Secondary 
Coils used. p  camaee Frequency. Current in 
tnilliamperes. 
Small. 
2 feet in side ... 8 214,400 0:082 
Large. 
8 feet in side... 5 162,000 274 


The large coil therefore produces 340 times the effect of 
the small coil. 


Exp. IX. Comparison of the same coils with different 
numbers of turns.—The two large coils were wound with 
two circuits each of 5 turns and they could be joined in 
series so as to makea coil of 10 turns. The coils were placed 
parallel to the earth and at a distance of 6 inches above it. 
The primary current used in both cases was 5°4 amperes. 
The inductance of the primary circuit was 380,000 cms., and 
when 10 turns were used it was 1,000,000 ems. The power 

VOL, XXI. ¥F 
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taken up in the arc therefore was not the same in the two 
cases, 


TasLE IX. 
Number Power taken Frequency Secondary 
of turns up in Arc of Current in 
on Coil. in watts. Oscillations. milliamperes. 
| 
5 2495 162,000 27°4 
10 1537 99,600 21:4 


The increase in the number of turns by increasing the 
inductance lowers the frequency of the oscillations, and this 
lowers the power taken up in the are, and therefore the 
secondary current is reduced rougbly in proportion to the 
decrease in frequency. In all the above experimenis the 
Poulsen are was used as a generator of undamped oscillations. 
It was considered desirable, however, to compare the effects 
obtained in this case with those when using a spark method 
of exciting intermittent oscillations. 

The large square coils were placed vertical and facing each 
other in positions (A.A.) and at 68 feet apart. They were 
tuned to a frequency of 162,000. Oscillations were then 
excited by an are and a spark and the primary and secondary 
currents measured and volt amperes given to the generator 
in each case, as follows :— 


TABLE X. 
Primary Secondary 
Generator. | Volts. | Amperes. vee Current in | Current in 
se Sse amperes. | milliamperes. 
Spark ......... 12-2 2°6 317 2d 0°56 
ATC e teedeadee 260 80 2080 54 21:0 


Roughly speaking, therefore, 70 times more power was being 
expended on the are than on the induction-coil used to 
create the spark, but the secondary current only increased 
some 38 times. 
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This seems to indicate that the intermittent spark method 
of exciting the oscillations is not inferior but rather superior 
in efficiency to the are method, for the particular purpose 
here considered. 

The conclusions to be drawn from this preliminary set of 
experiments are that the inductive effects observed between the 
closed oscillatory circuits used are in the main due to electro- 
magnetic induction and not to true radiation. Secondly, that 
the most advantageous position of the coils is with the plane 
of the coils parallel to the earth’s surface and at a small 
distance above it. Thirdly, that the increase in the area of 
the coils is especially advantageous, and that therefore the 
coils used should consist of single turns of wire enclosing as 
large an area as possible. Fourthly, that the inductance and 
capacity of the circuit must be kept low to keep up the 
frequency. Lastly, the spark method of exciting the oscil- 
lations can be advantageously employed. 

The best method, therefore, for constructing and using 
such closed circuit antennz for high-frequency closed circuit 
wireless telegraphy which seems to be indicated by the 
foregoing experiments is as follows :— 

In some large field set up-a number of short wooden posts 
having telegraphic insulators attached to them. Round these 
lay a number of wires, which may be bare copper wires, so 
as to form a closed circuit of one turn of a number of parallel 
wires, the cireuit being say a foot or two from the ground, or 
if cows, horses, or sheep are kept in the field it may be better 
to keep it up 7 or 8 feet from the ground. Complete this 
circuit by a condenser and spark-gap and make provision 
by a high-tension transformer for exciting oscillations in the 
circuit. 

In a similar distant and syntonised circuit include any of 
the receiving devices now employed in radio-telegraphy, and 
signals can be transmitted and received without high antennz 
and without interruption to commercial telephonic circuits. 
Such closed horizontal receiving circuits will uot pick up 
signals from the vertical antenna transmitters commonly 
used. 

The method suggested is in fact the old form of magnetic 
induction space-telegraphy, but conducted with electric 

F2 
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oscillations in place of the low-frequency currents obtained 
by an ordinary alternator or interrupted battery-current. 
On the other hand, direct experiment with low-frequency 
alternating currents of 5:4 amperes passed through the small 
coils used in these experiments, showed that no inductive 
effects detectable at more than a few yards at most were 
apparent when using an ordinary telephone as a receiver. 
Even if the whole of the inductive effect is due to simple 
electromagnetic induction, the use of high-frequency currents 
is a distinct advantage. 

The experiments here described are merely a preliminary 
to large scale experiments in actual closed circuit telegraphy 
the writer hopes to be able to try later on. 

One drawback to the magnetic induction form of telegraphy 
is the rapid rate at which the effect falls off with the distance. 
In the case of true radiation at long distances the forces vary 
inversely as the distance, but a more rapid rate of decay, 
something between the inverse cube and inverse square, holds 
good for the inductive effect at least at short distances. 
Hence the use of magnetic oscillators as transmitters is never 
likely for this reason alone to rival the electric or open 
oscillator, but there may be circumstances under which it 
is possible to use them with advantage. In conclusion the 
author desires to mention that the actual measurements 
recorded in this paper were taken by his assistant, Mr. G. B. 
Dyke, B.Sc., with the kind help of Mr. K. W. McMillan, 
and to these gentlemen is due an acknowledgement of their 
share in the work, in making these observations with much 
intelligence and care. 


Discussion. 


Mr. A. Russett thanked the author for his clear exposition of the 
theory of electric oscillators and for the valuable formule he gave for 
magnetic oscillators. The experiments described were exceedingly 
interesting and instructive. It was, however, difficult to interpret some 
of the results obtained. He asked whether the author had been able to 
find a position for the secondary coil in which no current was induced 
in it. Possibly buried pipes or metallic conductors, iron girders in 
adjacent buildings or iron railings in the neighbourhood, might have had 
some influence in modifying the inductive effects between the coils. 

My. Tayor said that the Post Office had tried arrangements similar 
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to those described for magnetic space telegraphy, and had found that the 
closed circuit method was inferior to that in which earth-connected 
vertical coils were used. The ratio between the received currents when 
using an earth-connected aud a closed circuit was often as great as eighty 
to one, and he thought the improvements in the closed-circuit method 
would haye to be very great to make it equivalent to the earthed-circuit 
method. 


V. On the Use of Variable Mutual Inductances. By ALBERT 
CAMPBELL, B.A.* (From the National Physical Laboratory.) 


[Plate IV.] 


ConrTeENTS. 
1. Introductory. 
2. Mutual versus Self Inductance. 
3 & 4, Construction and Adjustment of Variable Mutual Inductances. 
5, 6,7 & 8. Uses of the same for measuring unknown Mutual 
Inductance, Self Inductance, and Capacity. 
9. Appendix, The Scale of the Excentric-Coil Mutual Inductance. 


1, Introductory. 


Tue accurate measurement of small self inductances and 
capacities has of late years assumed an increased importance 
owing to its direct practical application in connexion with 
wireless telegraphy ; and much important and _ interesting 
work has been done on the subject especially as regards 
the calculation and measurement of self inductance. Tor 
some time past I have found that suitably designed mutual 
inductances are of the greatest assistance in such measure- 
ments, and I incline to think that by their use some of the 
sources of error inherent in other methods are avoided. 
The chief method (B) here described was designed for the 
measurement of the small self inductances (1 to 200 micro- 
henries) used in wave telegraphy, and it has proved most 
useful in such work. Before I proceed to describe the 
designs and the methods of use which Ihave found valuable, 
let us consider and compare mutual and self inductances in 
relation to their capabilities in practical use. 


* Read October 25, 1907. 
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2, Mutual versus Self Inductance. 


For a number of reasons mutual inductances are more 
easily dealt with than self inductances. Those of invariable 
value, when properly designed, have the following 
advantages :-— 

(a) The absolute values can be calculated with much more 
certainty from the geometrical dimensions, since the formulas 
for mutual inductance are of high theoretical accuracy while 
those for self inductance are much less satisfactory *. 

(1) Unless the conductors are highly stranded, the current 
distribution varies with frequency and in general the self 
inductance will also vary. By keeping the two circuits at a 
relatively large distance from one another the mutual induc- 
tance is practically free from this effect. 

(c) The effects of distributed capacity are probably Jess in 
mutual than in self inductances. In all cases the distributed 
capacity of one of the two coils can be made very small by 
sufficiently decreasing the number of turns in it (or opening 
them apart) while increasing the number in the other coil to 
keep the M constant. 

When the mutual inductance is of the variable type, 1t can 
always be designed so that its value can be varied continuously 
from negative to positive through zero, This is a very great 
advantage, for with variable self inductance standards the 
incapability of reaching a zero value is a distinct drawback. 


3. Construction of Variable Mutual Inductances. 


For short range standards the construction used by Lord 
Rayleigh may be employedt. In this the primary coil is 
inside the secondary and can be rotated round a common 
diameter as in the Ayrton-Perry variable self inductances, 
and the whole positive range is comprised within 90° of 
turning, which gives a scale not nearly open enough for 
high accuracy. I have therefore designed a different and 


* For example see Rosa, Bull. Bur, Stands. vol. ii. p. 161 (1906) ; 
and Strasser, Ann. der Phys. vol. xviii. p. 763 (1905). 

+ Phil. Mag. vol. xxii. pp. 469-500 (1886); Collected Papers, vol, ii, 
p. 156. 
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more elaborate arrangement which gives a much more 
extended scale. I proceed to describe the first model, which 
has been in use for a considerable time with most satisfactory 
results. 

The general arrangement of the apparatus is shown 
diagrammatically in figs. 1 and 2, which are plan and side 


Fig. 1. Fig. 2. 


mimeiadws 3). [)c 


—a 


view respectively. The primary * circuit consists of two 
equal coaxial coils C and C’, which are connected in series, 
their windings being in the same direction of turning. The 
secondary consists of the coils D and F in series. Of these 
coils, D is movable, being mounted on an excentric axis Q 
so as to be free to turn in a plane parallel to those of C and 
C’ and midway between them. Rigidly connected with the 
moyabie coil is a pointer H which moves over a circular 
seale of about 180° in extent and graduated to read directly. 
The coil F is subdivided into ten sections, which are in 
series, each of them being 0:1 millihenry, and their junctions 
are brought to a set of separate terminals or studs with a 
turning head. The range of the moving coil extends from 
—0°002 to +0°11 millihenry. This givesa continuous range 
from 0 up to 1 millihenry, readable near zero to 0°02 micro- 
henry, to 1 part in 500 at 0-1 millihenry, and to 1 ia 5000 
at 1 millihenry. The subdivision of the coil F is easily 
carried out by the following artifice. The coil is wound 
with uniformly stranded wire of ten insulated strands, all 
the strands are connected in series, and the whole adjusted 

* It is only for convenience of description that the circuits are here 


distinguished as primary and secondary. They are really quite inter- 
changeable. 
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to give 1 millihenry *. Jf the stranding has been properly 
done, it will be found that no one of the sections differs from 
its neighbours by more than 1 part in 1000, and each is 
0-1 millihenry. The placing of the movable secondary coil 
midway between the planes of the two primary ones ensures 
that small axial displacements shall have very little effect on 
the mutual inductance. 


4, Adjustment and Calibration of Variable Mutual 
Inductances. 


The equality of any pair of sections can be tested by con- 
_ necting them in series with their windings in opposition in 
circuit with a ballistic galvanometer and reversing the current 
in the primary. It should be noticed here that, if a primary 
coil have any number of secondary circuits, the mutual 
inductance to all the secondaries in series is equal to the 
algebraic sum of their separate mutual inductances (+ or — 
according to the direction of the winding). Owing to this 
very important property we can build up and step down in the 
values as easily as if we were dealing with resistances, and 
there is the further simplification that we can subtract as 
well as add the values. The marking of the scale and the 
setting of the coil F are done by comparison with a fixed 
standard mutual inductance such as I have described else- 
where}. The comparison may be made by Maxwell’s method f, 
using a sensitive ballistic galvanometer or a vibration galva- 
nometer as detector. When a vibration galvanometer is 
used as in fig. 3, it should be remembered that, for a 
balance, two conditions must be satisfied, viz., 


M,/M,=R,/R, 
and L,/L, =R,/R,, 


where R, and R, include the resistances of the secondary 
coils. In order that the second condition may hold, it is 


* Mutual Inductances with stranded wires were used many years ago 
by Prof. Brillouin (Théses presentées a la Faculté des Sciences de Paris, 
1882). 

t Phys. Soc. May 1907 ; Phil. Mag. [6] vol. xiv. p.494, Oct. 1907. Also 
see Proc. Roy. Soc. A, vol. lxxix. p. 428, June 5, 1907, 

t Maxwell, Elect. and Mag. 2nd edition, ii. § 755. 
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necessary to introduce into one of the secondary branches a 
coil a whose self inductance can be continuously varied ;_ by 
alternate adjustments of R,/R, and the self inductance of this 
coil, a balance is easily obtained. The fact that R, and R, 
are partly of copper coils is apt to introduce some inaccuracy. 
The copper resistance, however, can usually be largely 
swamped without losing too much of the sensitivity. 


Fig. 3. 


In connexion with this method I may mention that it is 
perfectly applicable to the case of comparing the mutual 
inductances between one primary circuit and two separate 
secondaries, ‘This case is shown in fig. 4. 


Fig. 4. 
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By this means a thorough intercomparison (or adjustment) 
can be made between the various sections of a subdivided 
mutual inductance. By further sets of secondary coils for 
higher multiples (10, 100, and so on) any desired range may 
be obtained. By stranding (or otherwise subdividing) the 
primary coils as well as the secondary ones a multiple-range 
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inductance is the result. In all cases the subdivision can 
be effected by other means than stranding the wires, which 
is merely used to avoid the separate adjustment of the 
sections. The main objection to the subdivision by stranding 
is that it increases the distributed capacity of the coils. 
With coils of many turns this might be a serious drawback, 
but with the relatively few turns required for 1 millihenry 
the effect can only be very small and I have not yet noticed it in 
practice. It should be kept in mind that, as in all standard 
inductances, eddy currents should be prevented by using only 
highly stranded wire for the winding of every section and by 
avoiding the use of any metal parts near the coils. 

By varying the relative dimensions and positions of the 
two fixed primary coils CC’ (fig. 2) and the movable 
secondary D, the scale can be considerably modified, and can 
be designed to suit special purposes. The most generally 
useful type of scale becomes more and more open as the 
readings approach zero, for this gives good accuracy of 
reading even at very low values. Fortunately in the present 
instance this type of scale can readily be attained. Further 
discussion of this point will be found in an Appendix. 


5. Employment of Variable Mutual Inductances. 


Variable inductances of this type may be used for several 
purposes. Their most obvious application is to the calibration 
of ballistic galvanometers for magnetic testing ; and I have 
found them of the greatest value for quickly adjusting a 
galvanometer circuit to read B directly for any given iron ring. 
I need not dwell on this application at present, but proceed 
to describe several methods to which they are applicable. 


6. Measurement of Mutual Inductance (Method A). 


Any unknown mutual inductance, whose value lies within 
the range of the variable standard, can be at once determined 
by connecting the primaries of the unknown and the variable 
in series to B (fig. 5), a source of alternating or intermittent 
current, while the secondaries, with their windings in oppo- 
sition, are connected in series to a vibration galvanometer G, 
‘I'he variable M is then adjusted to bring the deflexion to 
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zero, and the reading gives directly the value of the 
unknown M. This {fs an extremely simple method as it 
involves no knowiedge of any resistances. A_ ballistic 
galvanometer and a commutated current may be used. This 


method does not apply to mutual inductances higher than 
the maximum value of the variable standard; for these 
another method will be described below (see § 8). 


7. Measurement of Self’ Inductance (Method B). 


Tn fig. 6 let a variable mutual inductance M whose primary 
includes the subdivided coil be connected into a Wheatstone’s 
network, as shown, along witha self inductance L,. Let 
the resistances of the arms be P, Q, R, and § respectively, 


Fig. 6. 


the self inductance of the arm P being L, (the secondary 
coils of M) and that of Q being L,. Let H be asource of 
periodic current and G a vibration galvanometer tuned to 
resonance with it, so that we may take the wave form of the 
currents to be a sine curve. Let the instantaneous potentials 
of the three upper corners be 1, 0, and vz respectively, and 
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the instantaneous values of the currents into the upper corner 
be i,, i, and i as marked. Let p=2an where n_is the 
frequency, and for convenience of writing let pV —1 be 
denoted by «, so that «?=—p*. The mutual inductance M 
may be made positive or negative according to the way in 
which the coils are connected; and in all that follows we 
might write -+-M for M throughout. When the galvanometer 
shows a balance, v,=v,, and the instantaneous value of the 


current through G is zero. 
Also : Cagle 
t= — 14 — 120 
Accordingly we may write 
(P+ Lya)t; — Mat = (Q + Lye) ie 5 
[P+ (4 Ma]ip=[Q+(Iy—M)a]iy 


also Ri=St- 
Hence 


therefore 


S[P + (n+ M)a]=R[Q+ (a—M)al. 
Equating the real and imaginary parts each to zero we have 
SP=QR, .. .0. & nn 
and S(L,+M)=R(L,—M). . . =. Feta) 


Exactly the same equations hold when the positions of the 
source and the galvanometer are interchanged. 

The most useful case is when the noninductive arms are 
made equal, 7. e. S=R; then (1) and (2) become 


=, 
and ly-l,=M. . 


This case gives an extremely convenient way of measuring 
small self inductances, which is done as follows. 

The arrangement is shown in fig. 7. The noninductive 
arms are equal (R, R). In thearm AB there is the secondary 
coil a of self inductance L in series with a practically non- 


* (Nov. 22, 1907.) I find that a case slightly more complicated than 
that of Equation (2) has been worked out and applied in an ingenious 
manner by Griitz. (Wied. Ann. vol. 50. p. 766, 1893). 
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inductive rheostat r. Inthe arm ACis placed a“ balancing” 
coil b also of self inductance L and of resistance equal to or 
slightly greater than that of b. By adjusting r the bridge 
will balance when M=0. The small self inductance N to be 
measured is now inserted in series with coil } in arm AC, 
and a balance obtained by altering r and M. Then, by (3), 

=2M. Thus N is found directly from the reading of M, 
and the range of values that can be measured runs from 0 up 
to twice the highest reading of the variable mutual inductance. 


Fig. 7. 


[For values of N above this range the more general case 
(equations (1) and (2)) may be used.] The L’s of the coils 
a and b should be adjusted to equality once for all by putting 
M at zero and setting one of the coils. An exact setting is 
convenient, but not necessary, for if L,and Ly differ slightly, 
they can be balanced (without N) by a small reading My. If 
M be the reading for balance when N is inserted, then 
N=2(M—M,)*. 

Even if a and /are well matched, it is always well to begin 
by reading their difference if any. 

It will be noticed that the method is really a differential 
one; when N is introduced into the arm AC no alteration has 


* (Oct. Ist, 1907.) If, instead of the coil N, a condenser K with 
series (absorption) resistance g be added, then 
1/p*K=2M, 
and g=change in r. 
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to be made in the other arms except to increase the resistance 
of AB by an amount equal to the resistance of the coil N. 
But although it has all the advantages of differential mea- 
surement, the reading can be made to give N directly without 
having to take a difference at all. This is due to the use 
of the inductive balancing coil 6 *. 

The method has the advantage that it does not require the 
knowledge of the absolute value of any resistance. The non- 
inductive bridge arms must be equal; to check the equality 
they can be interchanged. For the noninductive adjustable 
resistance 7 I usually employ a special rheostat consisting of 
two slightly flattened thin wires running parallel to one 
another at a few millimetres distance, with a sliding contact 
piece across them to complete the circuit. The inductance 
of such a rheostat can be approximately calculated, and 
may thus be allowed for when measuring very small self 
inductances. The inductance of the part added to com- 
pensate for the introduction of N has merely to be subtracted 
from the result. 

In practice the method proves very convenient; with the 
variable mutual inductance described above, self inductances 
of any value from 0°1 microhenry up to 2000 microhenries can 
be measured directly without the bridge being altered in any 
way except in the rheostatr. In a later model shown in the 
accompanying Plate IV. the whole scale of the movable coil 
corresponds to 20 microhenries, and at this value it can be read 
to lor 2 in 1000—at 200 microhenries to 1 or 2 in 10,000. 
All the resistances of the coils are very low, and the sensitivity 
can be considerably increased by using M. Wien’s method 
of connecting the vibration galvanometer to the bridge by 
means of a transformer of suitable ratio (7;/m, small). The 
method will also give the difference between two unknown 
self inductances introduced into AB and AC. 

The addition of a condenser to Method (B) gives an inter- 
esting corroborative method (Method C). If (fig. 8) the 
condenser K is in shunt with 8, 


* If coil 6 be made noninductive we revert to Maxwell's method of 
comparing the M of a pair of coils with the L of one of them, 
Equation (2) then reduces to L/M=—(1+/S). Maxwell, ‘ Mlect. & 
Mag.’ 2nd edit, vol. il. § 756. 
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it may be shown that, for a balance, 
SP—RQ=p*RSK(I;—M), ... . (4) 


and S8(L,-—M)—R(L,+M)=QRSK. . . . (5) 
When R=5 and L,=L,=L, 
Pap RAC) 4 Se « ~ . (6) 
and SES Bee ere 
Fig. 8. 


Bquation (7) gives a check of K against M without having 
to measure the frequency. The adjustment is dependent on p, 
however, and therefore a steady frequency is necessary, which 
is not required in Carey Foster’s Method. 

From (6) and (7) we get 


Q(P—Q)=2p*M(L—M). . . . . (8) 


8. Measurement of Mutual Inductance greater than 
Standard (Method D). 

When the unknown M is beyond the range of the variable 
standard the following method is applicable. 

Let the primaries of the variable standard and the unknown 
M be connected up as in fig. 9, adding to the latter if 
necessary a coil ¢ of sufficient self inductance to make N 
considerably greater than L. Let a balance be obtained 
(by Maxwell’s Method) and hence 


eer Mele. (9) 
and OS A ee eos @() | 
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Now, without altering any other branches, let the secondary 
coils be introduced (in opposition) into the galvanometer 
circuit as shown in fig. 10. 


If a balance be now obtained by adjusting the variable M, 
then it is easy to show that 
(P+R)M,=(Q+8)M, - + + + (11) 
and PS—p’M,(L—M,) =QR—p*M,(N—M,). - (12) 
Since (9) and (10) still hold, these equations both reduce to 
RM,=8M, .. + ++ « (13) 
which gives M, immediately in terms of the reading M, and 
the resistances R and 8 (neither of which include copper 
coils). The self inductance of the added coil ¢ need not be 
known, but if R and § have not a slide wire between them, 
ce ought to be slightly adjustable, which is easily arranged by 
having part of it a small coil of a few turns that can be 
shifted about over the remainder. 


9. Measurement of Capacities (Method ¥). 
As in fig. 11, let the primary P of the variable standard 


Fig. 11. 


be connected in series with a condenser K to a periodic 
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source H, while the secondary Q is connected to a vibration 
galvanometer as shown. Let M be adjusted until the galvano- 
meter gives no deflexion, in which case we have 


ie 
Ro (14) 


or +pMK=—1. 


+Mai= 


The secondary must be connected in such a direction that 
the lower sign is taken, and thus 


ee ie.’ (1d) 


where M is in henries and K in farads. 

It is interesting to notice that this formula is similar in form 
to that for resonance with a condenser and self inductance, 
viz. pp>LK=1. With self inductance we usually tune to get 
a maximum current through the galvanometer ; with mutual 
inductance, on the other hand, we tune for zero current. 
Tf M is in henries and K in microfarads, equation (15) gives 

, 159°2 
Bowe tO) 


and if M and K are known, the frequency can be determined. 

If the frequeney is not fairly high, the product MK 
becomes inconveniently high, e.g. M=1 henry, K=10 mfds. 
gives n==50~per sec. In contrast, n= 10,000 for 256 
microhenries and | mfd. 

The following is a practical example of the method :—The 
source was a microphone hummer for 2000 ~ per sec. and 
the detecting instrument a tuned telephone. A balance was 
obtained for K=10°06 mfds. and M=0°626, millihenry, 
whence the frequency was found to be 2004~per sec. 
With another condenser (a carefully calibrated subdivided 
one), capacities of 1:000, 0°900, 0°800, 0°701, 0°601, and 
0°551 gave 


n=1999, 2005, 2009, 2001, 2004, and 2001 ~ per sec. 


respectively; the variable M was not, however, so accurately 
readable in this case. 

In this method it is very important that the insulation 
VOL. XXI. G 
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resistance S of the condenser shall be high. If the leakage 
is not negligible, equation (14) becomes 
; ies 
28 Cae es. 
pO lee SKa). 
~ 1+ p*8?K? g 
Putting the real part equal to zero we have 
1/(1+p?S?K?) =0, 
showing that an exact balance can only occur when 
p’S?K?=«. In practice the insulation resistance of a good 
mica condenser is quite high enough to give a good balance ; 
even a good paraftined paper condenser will work fairly well, 
but an ordinary one gives only a minimum _ deflexion on the 
galvanometer *. 
The application of this null method to the high frequencies 
used in wave telegraphy is made difficult by reason of the 
coexistence of two frequencies in the waves used. 


APPENDIX. 


Scale of Excentric-Coil Variable Mutual Inductance. 

The problem of finding the mutual inductance between 
two circles (thin circular coils) not in the same plane and 
whose axes are parallel has not yet been solved, as far as I 
know. For any particular case the result may be calculated 
by quadratures as follows. 

In fig. 12 let the two circles be H and G, of radii a and A 
respectively, being the distance between their planes, and 
q the distance between their axes. Let the circle H’ be the 
projection of H on the plane of G, and let BCD be an 
elementary strip concentric with H/ of radial width Or, where 
O’/B=r. Let CO'B=@. Then the M between circle H and 
strip BCD 


= a (M of circle H and annulus TBD) 


2.2] tmnns Vary (k-7) Fy +2 Bi } 10- *lar, 


* This may, however, be due more to absorption than leakage, 
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@ 2rn,n.10-9 h\? 
ant Taree am “(F,-E,)—(r—«)() B fr 


where eet Cte} 

k=2 Var V(atr)?+0= sin y, 

k’= cos y, 
and F, and H, are complete elliptic integrals to modulus &, 

Also 2 < 
@= cos Bae (ox oS : 
2rq 
Fig. 12. 


Thus when a, A, 4, and q are given, by calculating 0M 
by (18) for a series of equally spaced successive values of 7, 
from r=qg~ A to g+A, and adding in the usual way, the 
value of M can be approximately found. By this process, 
which is rather laborious, the following approximate 
values were found, when A=20, a=10, b=5cm and 
n, N= 100,000 :— 


q: M. 

cm. millihenries. 
0 O33 
5 7 

10 9:9 

u fhe 6°7 


It is interesting to notice that the maximum value of M 
G2 
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does not occur when the axes of the coils are coincident 
(q=0). To avoid the labour of the calculation by quadra- 
tures, some rough experiments were made with coils of finite 
section (about 0°6 x 0'6 sq. cm.). From one set of these the 
series of curves shown in fig. 13 was obtained. The coils 
were of mean radii A=10, a=5 em. respectively, m ms 
being 100,000, and g and 6 were given various values, — It 
will be seen that for 5=2°6 the maximum M does not occur 


Fig. 13, 


SS 
t 
26 6 415) 
3-5 q 
Azl0, a= 5 uw 
5 MH, H1= 100000 
48 
ISS 
m 


at the symmetrical position (just as in the case calculated, 
above). For equal coils, however, the coaxial position gives 
the maximum M. The curves also show that the value of g 
for which M vanishes and changes sign becomes greater and 
greater as the mean planes of the coils are set at greater 
distance from one another. The ratio of A/a has been made 
2 in this example, as that isa suitable proportion for use in a 
practical instrument. Having now the curves connecting M 
with g, the distance between the axes of the two coils, it is 
easy to investigate the variety of angular scales obtainable 


a 
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by turning one of the coils round an axis parallel to its own 
axis. 

Let a definite value of b be taken, say b=5, which is 
convenient in practice, and in fig. 14 let the smaller coil be 


Fig. 14, 


movable about an axis perpendicular to the plane of the 
paper at Z, and let the radius ZQ=p. Let the distance ZO’ 
of the axis Z from O/ (the point where the axis of the other 
coil cuts the plane of the paper) be A. Let the angular scale 
reading YZQ=¢. 

Then by choosing various values for p and h we can get a 
wide variety of movement of the centre Q (of the movable 
coil) relatively to O’, and hence a variety of scale calibra- 

2 2 2 

tions. Since cos¢= oot , the angle ¢ corresponding 
to a reading M can be got from qg, h, and p. The scale can 
be most easily set off by the following geometrical con- 
struction. Draw a circle with centre Z and radius p, and 
make ZO! equal toh. ‘Then find on the (6=5) curve in fig. 13 
the g corresponding to a particular value of M. With this 
value of g as radius, a circle with centre O’ will cut the 
circle X at the point of the scale required. By taking suc- 
cessive values of M the direct-reading scale can be set off 
round the circumference of the circle X. 

As an example, in fig. 15 are given three scales for h=5'5, 
p=5'5; h=7, p=7°2; and h=10, p=4°2 respectively, when 
A=10, a=5, b=5, and n, ng = 33,000. 

Although these scales give very different ranges, the 


86 MR. A. CAMPBELL ON THE USE OF 


general characteristic of all three is an openness at both 
ends; no proportions that I have tried tend much to make 
the scale uniform throughout. The openness at the lower 
values is a distinct advantage, however, when dealing with 


Fig. 15. 


Fo 280 wan 


125 


100 — 


small inductances; but care must be taken, when marking 
that part of the scale, that the subdivisions shall be accurately 
marked and not put in merely by interpolation. 

Scale (2) in fig. 15 is the best of the three and is nearly 
that which I have used in practice. 


In conclusion I desire to express my best thanks to 
Dr. Glazebrook, for his kind encouragement and valued 
advice. 


Sept 21, 1907, 


_ 


amen 


ee 
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Discussion. 


Dr. Firemine asked the author how his method compared in accuracy 
with the Carey Foster method, using a commutator to add up the 
impulses, He had frequently measured mutual inductance by deter- 
mining the self-inductances of the primary and secondary joined in 
series, with the windings first helping each other and then opposing each 
other. He asked if the author’s methods were applicable when dealing 
with the high frequencies used in wireless telegraphy. 

Mr. A, Russrix agreed with the author in thinking that mutual 
inductance was sometimes easier to calculate and easier to measure than 
self-inductance. The variable mutual inductance standard shown was 
very compact, and would be a great acquisition to a physical laboratory. 
In calculating self-inductance the variable current density over the 
cross-section of the wire sometimes brought in serious difficulties. The 
measurement of self-inductance in these cases might possibly be made 
by Mr. Campbell’s method, but the limitations introduced into his 
formulee by the assumption that the back E.M.I. was proportional to 
the rate at which the total current was changing would have to be 
considered. 

Mr. CaMpBELL, in reply to Dr. Fleming, said the methods of mea- 
suring mutual inductance described in the paper were more convenient 
and direct reading than that of Carey Foster, although they were not so 
absolute. They were of higher accuracy than the difference method, in 
which the primary and secondary were put in series and their combined 
self-inductance measured both with the windings helping and opposing. 
In reply to Dr. Fleming and Mr. Russell, the methods of measurement 
described were not intended, in general, for use with high frequencies of 
the order of those used in wave telegraphy, where resonance methods 
appear to be the only ones available. Myr. Campbell mentioned that the 
correction for the small inductance of the rheostat in method (B) could 
be got rid of by making the rheostat of constant inductance, this being 
attained by running a manganin and a copper wire side by side with a 
travelling contact across them, the current entering by the copper at one 
end and leaying by the manganin at the other. 
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VI. A Freehand Graphic way of determining Stream Lines 
and Equipotentials. By L. F. RicHarpson *. 


[Plate V.] 


ScHEME OF PAPER. 


J. On the need for new methods. 
II. The first idea of freehand solution and ‘confirmation of its 
aceuracy. 
IU. The conditions which the solution of V?V=0 must satisfy in 
order that it may be determinable by a single graph. 
(a) When the guiding lines are normal to a family of surfaces. 
Possible types—test cases. 
(6) Thin shells, 
(e) Screw symmetry—example. 
IV. Points and lines of equilibrium. 
V. Equations other than Laplace’s—variable conductivity. 
VI. Boundary conditions, 
VII. Miscellaneous notes on draughtsmanship, 
VIII. Estimation of errors. 


I. The Need for New Methods. 

Tue Laplacian differential equation 

07V o7V o’7V 

02? i Oy " Oe 
has received an extraordinary amount of attention during the 
last century owing to the great number of physical quantities, 
the space distribution of which can be determined from its 
integrals. The analytical integrals hitherto obtained by such 
means as Fourier series, Bessel functions, spherical and other 
harmonics make it possible to determine the distribution when 
the boundary conditions bear relation to certain simple types 
of surface, such as parallelipipeds, cylinders, spheres, ellipsoids, 
anchor rings, &e. 

Now for physical research this is well enough. It is 
usually possible to arrange the instruments so that the parts 
involved are of these simple forms. The wires may be wound 
in circular rings of small cross-section, as in Helmholtz’s 
galyanometer. The pieces of substance for the measurement 


0 


* Read November 8, 1907. 
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of specific properties may be shaped into square bars, as in 
Forbes’s experiments on the flow of heat. Or, as in Kelvin’s 
attracted disk electrometer, parallel plates may be made 
practically infinite by his device of the guard-ring. 

But for the purposes of the engineer this is of very limited 
application. If he is to handle partial differential equations 
freely, they must be applicable to bodies of most various shapes, 
such, for example, as the toothed core-plates of dynamos, the 
water surrounding ship shells and screw propellers, the space 
between turbine blades, and a host of other forms, too irregular 
to be readily described. 

Further than this, the method of solution must be easier 
to become skilled in than are the usual methods with harmonic 
functions. Few have time to spend in learning their 
mysteries. And the results must be easy to verify—much 
easier than is the case with a complicated piece of algebra. 
Moreover, the time required to arrive at the desired result 
by analytical methods cannot be foreseen with any certainty. 
It may come out in a morning, it may be unfinished at the 
end of a month. It is no wonder that the practical engineer 
is shy of anything so risky. 

Harmonic functions have, however, one very strong point 
in comparison to the methods put forward in this paper, and 
that is their accuracy. Once we have determined V as an 
infinite series of harmonic functions, it is usually not much 
more labour to obtain an accuracy of 1 in a million than of 
1 in ten. 

Now it is true that in the determination of absolute electric 
standards measurements are made to 1 in 100,000 or to an 
even greater refinement. But for most chemical and physical 
work 1 in 1000 is more like the limit attained. And in any 
new branch of research, two, five, or even ten per cent. are 
very welcome. The root of the matter is that the greatest 
stimulus of scientific discovery are its practical applications. 
And here, in the design of machinery for example, cost rules 
everything, and this can seldom be foreseen as near as 
1 per cent. 

To sum up. The existing methods of solving Laplace’s 
equation are susceptible of great accuracy, but they are slow 
and uncertain in time and, most serious of all, they can only 
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be applied to very special boundary conditions. There is 
obviously a demand for a method of solving that group of 
partial differential equations —of which we may regard 
Laplace’s as the simplest type—which shall, if necessary, 
sacrifice accuracy above 1 per cent., to rapidity, freedom 
from the danger of large blunders, and applicability to more 
various forms of boundary surface. 


Il. The First Idea of Freehand Solution. 


The real simplicity of the space distributions of electric 
and magnetic phenomena,—so much disguised in the algebraic 
integrals of the differential equations, but rescued from con- 
fusion and clearly set forth by the vector analysts, Heaviside, 
Walker and others,—leads one to hope for equally simple 
methods of calculating their numerical values with reference 
to any boundary whatever. 

The beautiful figures of stream and equipotential surfaces 
published by Maxwell, Lamb and others as the result of 
harmonic analysis, and by Hele Shaw as the result of experi- 
ment, suggest that by imitating their characteristic properties 
freehand we may, in some small part, attain the result 
desired. 

Maxwell in § 92 of his ‘Hlementary Treatise on Elec- 
tricity and Magnetism’ speaks of tentative methods of 
altering known solutions of the Laplacian equation by drawing 
diagrams on paper and selecting the least improbable. The 
object of the present thesis is to point out that this method 
can do far more than merely alter known results, and that it 
may be so far from tentative as to yield an accuracy of 
one per cent’ of the range. 

This method of treating potentials, although still far from 
combining all desirable qualities, and suffering from the 
restriction to certain types of symmetry, yet from its great 
freedom within those types may, it is hoped, supply to a 
certain extent the demand we have indicated. 

On turning to Maxwell’s figures and picking out those in 
which V is independent of z so that we have 


av | av 
ow Toy — 


0, 
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it will be seen that while the curves are of the most various 
shapes yet the chequerwork of all the diagrams possesses 
these two properties in common:—(1) the corners are 
orthogonal, (2) when the chequers are small enough the 
ratio of their iength to breadth is the same in all parts of 
the field. 

The proof of this follows most conveniently from the con- 
sideration of the motion of a liquid when the lines of flow 
lie in parallel planes and the motion is the same at all points 
of any normal to these planes. Draw three adjacent stream 
lines defining two adjacent tubes of flow. 

Take two points A and B on the mid line of one tube, and 
from A and B draw normals to the direction of flow cutting 
the mid line of the other tube in D and C respectively. 


Halfway between AD and BC draw a line PQS normal to 
the direction of flow so that PQ is the width of one tube and 
QS of the other. Now if the fluid is incompressible and we 
have drawn the tubes so that the flow in each is the same, 
then the respective velocities are to a erates inversely as 


PQ and QS. OB: Next let 


us take the line integral of the ae round the small 
rectangle ABCD. The sides AD and CB are normal to the 
flow and so contribute nothing. The sides AB and CD 
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contribute A 
ee OS DUSeR S { BDO 
OP BQ" Sasi LQ ime 
Now PB is the ratio of the length along the flow to the 


breadth across the flow of the small chequer which has A, Q, 
B, P, at the mid points of its four sides. It will be convenient 
to have a special name for this quantity, and I propose to 
call it the “chequer ratio” with the understanding that 
length along the flow is always in the numerator, and that 
the chequer is so small that its size no longer causes an 
appreciable deviation from the accuracy obtained by using 
infinitesimals. Then we have :— 


; Difference between successive 
Line integral of the velocity around ABCD= x 4 chequer ratios in a direction 
perpendicularly across flow. 


Now the curl of the vector velocity is defined as the line 
integral round a small circuit divided by the area of that 
circuit—that is in this case by the area ABCD which will in 
the limit be equal to the mean of the areas of the two 
adjacent chequers. So that we have :— 

difference of successive chequer ratios in a direction 


perpendicular to velocity 
mean chequer area 


curl of the velocity =k 


If the velocity has no curl the chequer ratio must not vary 
along any line normal to the flow. It may vary from one 
normal to another, but if on the other hand we prefer to make 
it constant all over the field, then at any point the distance 
between successive normals will be inversely as the flow, so 
that these normals will be contours drawn at equal intervals 
of a velocity potential. 

To return: since the fluid is incompressible the condition 
for the existence of a stream function is satisfied, and since 
the stream-lines are drawn so that the flow between each 
successive pair is the same, it follows that these stream-lines 
are the contours drawn at equal intervals of a stream 
function y. Now it is proved in works on Hydrodynamics 


2, 2. 
rey ee ai oe is equal to the curl of the vector velocity. 
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Therefore :-— 


‘ difference of successive chequer ratios in a direction 
rola + ow Sp: perpendicular to the contours of J 
(i ee |) mean chequer area 


And since yy may be any one-valued function of position on 
the plane, it is seen that all hydrokinetical considerations have 
been eliminated from the above equation, which is purely a 
proposition in differential geometry. The only implication 
being that contours are drawn at equal intervals of y what- 
ever be its physical meaning. 

To draw chequers freehand so as to satisfy a difference 
relation of this sort between the chequer ratios is likely to be 
toilsome, and we will here consider only the case when 


Vap=0. 


Fig. 2. 


— 


94 MR. L. F. RICHARDSON: A FREEHAND GRAPHIC WAY 


Supposing then that a chequerwork has been obtained in 
which the chequer ratio is everywhere the same and in 
which the given boundary conditions are satisfied, then by the 

2 2 
uniqueness of the solution of cal +o =0 this chequer- 
work gives us what we want. 

It remains to be shown what accuracy may be expected 
from the freehand method. This is of course largely a 
personal matter. I exhibit my own handiwork. Others will 
doubtless obtain greater precision. Throughout this paper I 
have chosen test cases in which the analytical verification 
should not be too difficult. Hence the diagrams look rather 
stiff and formal and do not in any way do justice to the 
freedom of this graphic method. 

EB . Oly S16. 

wample of the solution of Fa ap 5y =(0.—Along one 
pair of opposite edges of a square V=1, along the other pair 
V=0. Find V at all points inside. By symmetry V will be 
equal to 4 along the diagonals. And again by symmetry, 
the lines joining mid-points of opposite sides will be normal 
to the contours of V. So that it is only necessary to find V 
in half one-quarter of the square. Further, by symmetry, ata 
corner of the square the contours drawn at equal intervals of 
V must make equal angles with one another. One starts 
then by ruling out an accurate square, putting in the 
diagonals, joining the mid-points of its sides and setting off 
the equal angles with a protractor. It is convenient to 
divide the range of V into ten equal parts. Having thus 
prepared the paper, lines were sketched and amended until 
further improvement became very slow. The pencil-lines 
were then firmly fixed in ink. Coordinate lines were drawn 
in and the values of V at six points were read from the 
diagram and are given in parenthesis in the accompanying 
table. The whole work from the beginning of the drawing 
took two or three hours, 
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5 
(47) 
5 
466 
(-40) | (-365) 
1-0 5 
396 | -364 
(307) | (23) | (20) 
1-0 ‘5 
300 228 202 
5 0 0 0 0 


Not until this had been done did I look up the correct 
values which had been computed from the analytical solution 


m—1 
Yu > (- 1) soe sech oe cos mz. cosh mz. 

These are given in the table beside the numbers read from 
the graph. From these we find the errors +:007, +:007, 
—002, +°004, +°001, +°004. Treating these as all of the 
same sign, their mean is ‘0042. 

The error of a graph may well be compared with the total 
range of V within which the determination was made 
freehand. In this case the range was 0°5 so that the mean 
error was 0°84 per cent. of the range, a degree of accuracy 
which would be sufficient for many purposes. 

Haying shown that the freehand method is a practical one 
in a plane, it will be well next to enquire to what types of 
symmetry it may be extended. 


III. Possible Types of Symmetry. 


Inasmuch as a single chequerwork is to determine the dis- 
tribution in the whole of the space considered, we are confined 
to two coordinates. The freehand method at present offers 


~ 
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nothing to compete with the analytic forms in which three 
coordinates appear, such as: 


n2 + 


V=2 (A, sin me +B,, cosma)(C, sin ny + D, cosny)(Be~ ¥m2+n2. 2 + Get Vn 


V=2 e#*(A,, cos m+ By sin m)J, (kr), 


m,k 
(Whittaker, ‘Modern Analysis,’ p. 318) 
GP alt 
dp” ? 


(Byerly, ‘ Fourier’s Series,’ p. 196) 


V=> Cyr(A, cos nb + B, sin ng) (sin 4)”. 


n,m 


or others like them. 

The expressibility of V in terms of two coordinates implies : 
that V is constant along a certain family of lines in space, 
namely, the intersections of the surfaces over which the said 
two coordinates are respectively constant. Any particular 
type of symmetry is most conveniently distinguished by 
specifying the family of lines along each of which V must be 


and to distinguish them from the normals to the surfaces 
V=constant, I propose to call them the “ guiding lines.” 

It is indeed conceivable that by adding together several 
space distributions in each of which V is constant along a 
different family of lines, we might attempt the solution of 
problems which it may be impossible to treat by two co- 
ordinates directly, such for example as the motion of a perfect 
fluid past a three-bladed screw-propeller, or the electrostatic 
field due to a ring of electrons. It may even be possible to 
treat the most general distributions by means of sections of 
the potential surfaces drawn on the leaves of a book of tracing- 
paper. But these extensions must be left to those who desire 
the results. This paper deals only with two coordinates. 

Case (a). The guiding lines are everywhere orthogonal to a 
family of surfaces.—Let these be the surfaces over each of 
which y=F;(, y, z) is constant. 

Then choosing a particular surface, say y=, we wish to 
draw thereon a chequerwork of orthogonal lines, and we wish 
this chequerwork, by the motion of each point of it along the : 
gniding line at that point, to sweep out two families of surfaces 


constant, 
As it will frequently be necessary torefer to these lines 
‘ 
: 
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in space, in sucha way that one family may be equipotentials 
and the other stream-surfaces. This requires that these two 
families, which we may denote by 


a=F (a, y, z)=const., B=F;(, y, z)=const., 


should be everywhere orthogonal. Therefore the surfaces 
a, 8, y are mutual orthogonal, and consequently the surfaces y 
must satisfy the condition necessary in any member of a triply 
orthogonal system (Salmon, ‘ Geometry of Three Dimensions,’ 
Ath ed. §§ 476 to 486). 

But more than this. For we wish to be unrestricted as to 
the direction of the orthogonal traces of 2 and 8 drawn upon 
the surfaces y. Therefore, since three mutually orthogonal 
surfaces necessarily intersect in their lines of curvature 
(loc. cit. § 304), it follows that at every point of the surfaces y 
there are lines of curvature in every direction. The only 
form which possesses this property is the sphere or its limit 
the plane. Therefore the surfaces y are either spheres or 
planes. This is necessary. We have not proved that it is 
sufficient. As frequent reference will be made to the theorems 
proved in Lamé’s Legons sur les coordonnées curvilignes, it will 
be convenient to employ expressions such as (Lamé, § xi. 15) 
to indicate equation 15 of § xi. of this treatise. The relation 
of our notation to Lamé’s is that his p p; p2 are replaced by 
a 8 y and that a 8 y are used as subscripts respectively 
instead of absence of subseript, 1 and 2. Otherwise the 
notations are the same. 

In particular, if F is any function of position, we will 
denote by Hy the quantity 


VEE ON Ce) 


which is the reciprocal of the space-rate of F along the normal 
to the surface  =constant. 

Consider the lamina bounded by the two spheres y and 
yt+8y. The thickness of the lamina is H,dy. If «=V=the 
potential, then the surfaces 8 = constant are surfaces of flow. 
Denoting in like manner the distances between two adjacent 
surfaces of these families by H,d2, Hgd8, we see that H,cu 

VOL, XXI, H 
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and H,88 are the length and breadth of a chequer traced on 
the surface ¥. 
A tube of flow is bounded by the four surfaces B, B+8B, 
y, y+5y. And its cross section is therefore Hg. H, . 88. 8y- 
Now if the flux has no divergence, then along a tube of 
flow magnitude of flux multiplied by cross-section = constant. 
But the magnitude of flux is equal to the negative space-rate 


“esc if 
of the potential « along the line of flow, and this is — Fy: 


Therefore along a line of flow a Y 88. Sy must be con- 


stant in order that the vector space-rate of the scalar a—the 
Hamiltonian Va—shall have no divergence. Or equivalently 
the condition that 


geano ix 2 (Bast) 20 
Now we may by freehand trial and amendment so arrange 
the orthogonal lines on the surface Y% that the above relation 


shall hold true on the surface yo; but we must further 
enquire what conditions the spheres ¥ must satisfy in order 


that 2 (#42) —0 shall be true for all values of Y when 
a a 


it is true for one Y%; and this moreover when # and B are 
otherwise undetermined. 

At this stage the fact that the surfaces Y are spheres makes 
a remarkable simplification. For supposing for a moment 
that they did not possess this property and that 7, and * were 
their principal radii of curvature at any point, then by 
(Lamé, § xxx. 24) 

1 hy Oe 1 _ hy, dhe 
hh OY 
where h,= = and similarly for 8 and y. 
a 


Equating the two curvatures, 


Now 
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and therefore vanishes; so that the chequer ratio as is a 
function of a and B only. 8 
As has already been stated, to make (7?2=0 on the surface 


Yo we must have 
Oo (42 Hy, —( 
0a ae Tan 


which may conveniently be arranged by making 


H. 
ae kg Hy, 


where k, is a constant, so that the chequer ratio is given as a 
function of position on yo. This is more than sufficient in 


that it makes 
oO ( H B te) 
Of\ EL 


vanish as well, but the loss of generality involved is found 
not to matter, while the simplicity gained is a great con- 


venience. Next, because 7“ is independent of y it follows 


He 


that on any other surface ¥, we still have 


H 
H; = ko H,y,. 
But if V?a=0 is to be satisfied on this second surface we 


must there have 


where k, is a second constant. Therefore regarding yo as 
fixed and y,=y as movable we have Hy = Hy, xa function of 


y only. 
But Hy, is a function of « and 8 only. 
This relation is equivalently expressed by the two equations 


oe °° 
dye (log Hy) =e dy0B (log Hy) asi fh 
whence by (Lamé, § xxx. 2+) 
Oifet:\— reat Wet Oe 
Spier) = Sy (Tar? =o. 


But if the surfaces y are planes, then by the equations 
H2 
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(Lamé, § xxx. 24) already quoted 


ere 


and consequently = and = are independent of y. But it 


is shown by Lamé (§ xxxviii.) that the curvature of the are 
of intersection of the surfaces # and @ is equal to 
vs Pat Oe = 
ee + (ay ) 
So that if the radius of curvature of this are be p then p is 
independent of y. But p is equal to the length of the normal 
from the point considered onto the line of ultimate inter- 
section of two consecutive planes of the family which pass 
one on either side of the point considered. As the plane 
moves this length must remain constant. And as this is to be 
true for every point in space, it is easy to see that if the 
surfaces y are planes they must intersect in a common axis. 
We have in this case symmetry about an axis. Or if the 
axis be at an infinite distance, the planes are parallel, and we 
have V independent of one of the Cartesian coordinates 
a, y, 2 But if, quite generally, the surfaces y are spheres 


ha 


we have only 7. independent of y and therefore bie inde- 
B 


? 

pendent of y. If the centres of the spheres y lie in asa 
line, then since the orthogonal traces of the surfaces « and 8 
on a sphere y may turn round anyhow, we may choose for 6 
the planes intersecting in the line of the centres of the 
spheres y: Then r{=0, and consequently r¥ is independent 
of y so that the traces of a=const. on the planes 8 are 
circles. This is the system of toroidal coordinates which has 
been treated by Professor Hicks in Phil. Trans. 1881, 
Part II. Now the above reasoning would lead us to expect 
in these a type of symmetry which can be dealt with by two 
coordinates—other than symmetry about an axis. But on 
referring to Hicks’s formule it is easy to show that this is not 
possible, for if V be made independent of either of those two 
of his coordinates which determine position in a plane passing 
through the axis, then the other of these two will not divide 
out of the equation V? V=0, so that all three coordinates 
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must still be present in the integrals. Clearly then, our 
deductions, though necessary, are not sufficient. I have little 
doubt that the omission lies in this: that to leave us unre- 
stricted as to the direction of the orthogonal traces of « and 
8 upon the surfaces y, it is not sufficient that the surfaces y 
should be spheres. For the curves normal to y which we 
have called the “ guiding lines” must be such that they form 
one set of lines of curvature of any surface whatever passing 
through them. To satisfy this condition it seems likely that 
except when the radius of the spheres y is infinite, the 
guiding lines will have to be straight and the spheres con- 
centric. This is the symmetry when V is independent of the 
radius in spherical coordinates, but may vary anyhow with the 
latitude and longitude. 

The only case remaining uninvestigated is that in which 
the surfaces y are spheres with centres which do not lie on a 
straight line. 

By this application of Lamé’s formule, aided by those due 
to Hicks, we have discovered no new type of symmetry 
which allows two coordinates to be used instead of three. 
We have proved that within the stated limits the well- 
known types are the only possible ones. A summary of 
these may be useful. 


Summary of Types of Symmetry when the guiding lines are 
orthogonal to a family of surfaces. 


‘te v°V is made equal 
to f(V, a, 8) over one Analytical 
surface y, its value metnods, 
on the others will be 


Guiding lines, Chequer ratio. 


Parallel straights.| Constant. VV=/V, a, 8). ele. 


Zonal harmonies 


Circles with their of the 
centresonacom-| Proportional to cylindrical, 
mon axis and distance v?V=JV, a, 8). spherical, 
their planes nor-| from axis, spheroidal, 
mal thereto, and toroidal 

systems, 


¥, Ld 
Radii from a com- yt= MES 


mon point, Constant. 


where r is the distance 
from the radiant point. 
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Example of Symmetry about an Avis. —Byerly in his 
‘Fourier’s Series and Spherical Harmonics,’ p. 230, sets 
the following problem :—‘ A cylinder of radius one metre 
and altitude one metre has its upper surface kept at tem- 
perature 100°, and its base and convex surface at the 
temperature 15°, until the stationary temperature is set up. 
Find the temperature at points on the axis 25 cm., 50 cm., 
and 75 em. from the base. and also at a point 25 em. from 
the base and 50 cm. from the axis.” To solve this the first 
thing necessary is to prepare a chart bearing chequers of the 
appropriate shape for each distance from the axis. The 
graph of any solution of Vv2V =0 symmetrical about an axis 
would serve this purpose. For example several of the figures 
out of Maxwell’s ‘ Blectricity and Magnetism ’ would do. But 
I preferred to prepare a standard chart by ruling equidistant 
parallel equipotentials normal to the axis of revolution, and 
then stream-lines parallel to the axis at distances from it 
proportional to the square roots of the natural numbers 
0, 1, 2, 3, 4, 5, &. The cross section of the cylindrical 
shell enclosed between successive stream-lines is then the 
same for every pair, and the chequer ratio proportional to 
the distance from the axis. This having been done in red 
ink, a sheet of tracing-paper was pinned over it, the section 
of our given cylinder was drawn in black and equipotentials 
and lines of flow were drawn in pencil. These were then 
rubbed out and amended with the aim of making the pencil 
chequers everywhere very similar to the red rectangles 
underneath. When improvement became slow, the blurred lines 
were made firm and definite with ink and the chequers con- 
sidered individually and marked as to whether they were too 
square or too thin. The lines were then drawn on a clean sheet 
of tracing-paper, the chequers again examined individually, 
and finally the lines fixed in ink (see fig. 3). Coordinate lines 
were then ruled and the values of V at their intersections were 
read from the graph. This process, from the ruling in of 
the given contour to the determination of V in numbers, 
took me four hours. The analytical method would perhaps 
have been more rapid in this case; but for an irregular 
shaped contour with an irregular boundary distribution 
the freehand solution would still take about the same 


———e a 
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time, while analytical methods may be almost indefinitely 
tedious, 


The results are tabulated below :— 


Distance from base of cylinder .... 25 60 75 25 ems. 
7 axis 4 Poe 0 0 0 50) -;, 
Potential read from the graph as 175 88 64 4 
decimal of unit range. 


Last multiplied by the actual range 4 9. : ’ 
100° 458) 8 149 323 544 119 
Last +15°=actual temperature ., 29°9 47°3 694 26°9 


Not until these numbers had been written down did I look 
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at the correct values found by Byerly from the Bessel function 
series, namely :— 
296 476 71:2 25°8 
Errors of freehand determination.. +°3 —38 —8 +11 


Disregarding signs the mean of these errors is “63 
which is equal to 0°74 per cent. of the range of 85°. 

Example of the type of symmetry when V is independent of 
the radius in spherical coordinates. —“ On a uniform spherical 
shell there are equal sources at the north and south poles 
and equal sinks at the extremities of a diameter lying in the 
equatorial plane. The sources and sinks send out and receive 
uniformly in all directions. The flux has no divergence except 
at the sources and sinks and no curl anywhere. Find the dis- 
tribution of potential onthe surface.” Todo this we might draw 
orthogonal lines on the surface of a globe so as to make the 
chequers ratio constant. Or because, in Mercator’s projection, 
any small part on the globe transforms into a small part of 
the same shape on the map, we may transform the boundary 
conditions and obtain the required solution by drawing 
chequers of constant chequer ratio on the map. Blank 
Mercator projections suitable for this work may be obtained 
from George Philip & Son, Fleet Street. In the present 
example the lines of flow radiating from the pole become lines 
straight, parallel and equidistant at infinity. And as the 
graph progressed it was found that by their symmetry 
with the sinks on the equator, the foregoing condition must 


be very nearly satisfied at 10° from the poles, a region which — 


is within the confines of the map. Again, in this case it is 
only necessary to determine V in one octant of the sphere, 
and symmetry helps us in other ways. The accompanying 
graph (fig. 4) is the best of four or five separate attempts. 
The time taken to make these was collectively four hours. 
Special attention was given to the equipotential curve which 
passes mid-way between the two equatorial sinks, and as the 
result of the aforesaid trials it was found to pass through a 
point 44° due north of the sink on the equator. This suggested 
that the true value should be 45°, and on looking at a sphere 
this is seen to follow from symmetry although it was not 
obvious on the map. Thus again we have a confirmation of 


| 
: 
. 
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the passable accuracy of the graphic method—the error here 
is 1 degree in 90 or 1°1 per cent. of the range. 

So far we have only treated the problem as relating to a 
spherical shell. But we may next suppose the sphere solid 


baa aes 


1S 
os 


|} t—> 


and V to be independent of the radius. We will then have 
a solution of Laplace’s equation in space. Since the chequer 
ratio is constant, the magnitude of the flux is inversely pro- 
portional to the linear dimensions of the chequer (on the 
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sphere not on the map) and is consequently proportional to 
ll hele Ge ; : ; 
- along any guiding line, r being the radius. But if we draw 


any small cone enclosing the polar axis—which is now a line 
source—we see that the outflow between two spheres 7 and 
r+6r is proportional to dr x (magnitude of flux) x (peri- 
meter of the trace of the cone), and by the above this is pro- 
portional simply to 67. Therefore the polar axis must be a 
line source of uniform strength and similarly for any other 
source or sink when the guiding lines are straights passing 
through a common point—the strength must be independent 
of the radius. 

Case (b).—General method for conduction in a thin shell 
of any shape, the thickness and conductivity being any given 
functions of position on its surface, and all conditions being 
constant throughout the thickness of the shell at any point of 
its surface. Take a solid bounded by a surface of the shape 
of the shell and draw small rectangles at numerous points of 
length along flow 
breadth across low 
is directly proportional to the product of the thickness and 
conductivity at each point of the shell. For then the flow 
through each chequer will be the same. Suppose that these 
standard chequers are in some distinctive colour, say red. 
Now lay off in black the boundary conditions of the special 
problem and draw a black chequerwork to have the same 
chequer ratio as the red at each point, much as was done for 
symmetry about an axis. The standard red chequers need 
not be connected so as to form two systems of orthogonal 
lines but may be scattered anyhow over the surface, all that 
is necessary is that they should be sufficiently small and 
numerous. 

Or it may be convenient to use a projection of the surface 
as was done in the case of the spherical shell above. 

Case (c).—When there exists.no family of surfaces normal 
to the guiding lines. Without pausing for generalities we 
will proceed at once to :— 

Screw symmetry about an axis—Let us discuss this with 
the aid of cylindrical coordinates 7, ¢, z. Ata point P on 


the surface, so that their chequer ratio= 
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the axis OZ let a perpendicular be drawn extending to 
infinity. This perpendicular, which isto project only on one 
side of the axis, is imagined to revolve round the axis and 
slide along the same with proportional velocities. In one 
rotation round the axis let it move / along the axis. Then 
the line sweeps out a surface, at all points of which the 


: ; l 
expression z — i? is constant. Let us put z— 9 P=: 


Then as varies we pass from one of these screw surfaces 
to another formed by shifting the first parallel to 2. The 
range of the coordinate is from 0 tol. The intersections 
of w=const. with the cylinders r=const. are a family of 
screw-threads. 


Let dy be an element of distance measured along any 


screw guiding line, so that ea one — ey 


~ 


a function of r only, And let us make V a liner function of 


distance along each screw-thread so that ov =a function 


of r only. 
Then as dy, dw, and dr are in perpendicular directions 


they are independent and 
QV _dV de dV dn, wv 
Of Ow Oz On Of Or 02’ 


which reduces to av — oY + a function of r only. 
fore Oe 


Therefore 
OV O0/0V\_/0 .0 , don 0\dV 
Sr =5.(55-)=(5; “Ow oe be 
_2°V 39 9 (aV)_dV 
~ Qw? § 02'0@\dn/ da?" 
Again, 


BV _aV do, av dn_t 

0p 0® Of On Od 2a 
Since 

dn _ length of turn of screw 

dg mi 20 


pY +a function of 
0a 


r only. 


= a function of r only. 
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And so 


OL On aa oY) Loe 0, 09 ee 
o¢? ae 2 Salad de 0? 07/0 
2 -O2V 
An?" da? 
2 2\T 
Now substitute these values of a and 9 in the ex- 
pression for VV in cylindrical coordinates, and we have 
SEO) Via aM 2 yee 
WN = Sat a op Pee 


which contains only two coordinates r and w. So that if we 
make V’V=/(V, 7, ) over any surface the same will be 
true throughout the whole region filled by the screw-threads 


passing through the surface, provided that os is such as to 
OV lav pe 

make 72 ee ae constant along every guiding screw. 

One way of satisfying this is to make V increase by the same 


amount per turn of the screw, along every screw-thread and 
a 


so that ot and gt are both constant along every guiding 
screw. 
In the following pages, except where specially indicated, 


we wil] consider only the case Se aU 

As this result does not appear to be given in the text- 
books, it may be well to confirm it by a slightly different line 
of reasoning, as follows. The tangent of the angle between 
the tangent to any screw-threads and a plane normal to the 

: reattaee 
axis of symmetry is oe, 

Therefore the first space rate of any function of position 
V along the tangent to a screw-thread is 


Dat rea Oo: 546 
/ P+ 4 { ar +15. } V. 
OV 


If —— =a function of r only, along every screw-thread 
then we have a function of r only + 20S? = 100 


OF DETERMINING STREAM LINES AND EQUIPOTENTIALS. 109 


throughout the whole region. Therefore this last equation 
will still remain true after differentiation by ¢ or by ¢, thus 


_ 2 eV _ OV 
L Og? O02’ 
ov. 2 ov 


O¢dz ~ Orde?” 


2V 
Equating the two values of ase thus obtained we have 
OV % 12 OV: 
o¢’ nN An O02 ’ 


which on substitution in the expression for V*V gives 


Orv ko. FP \OeVv 
ee ra (14 Lp lae : 


But it is now to be observed that if the distribution of V 
on any plane passing through the axis of symmetry is known, 
then V is determined everywhere. And on such a fixed 
plane the contours of z are identical with those of w. So 
that we may replace z by » in the last equation, and the 
previous result is confirmed. 

We have shown that if we make V?V=/(V, 7, @) over 
any surface intersecting all the screw-threads, the same will 
be true throughout the whole region, with the stated pro- 


= 


visions as to the value of By . The geometrical meaning of 


on 


this result is that if we draw any infinitesimal rectangle 
normal to one of the screw-threads and draw screw-threads 
through each of its four corners, then the infinitesimal tube 
thus formed will be everywhere rectangular in normal cross 
section, and more than this, the rectangle will have the same 
ratio of length to breadth and will be of the same size at all 
points along the tube. For if we consider one pair of opposite 
faces of the tube as equipotentials and the other pair as 
lines of flow, then these properties are seen to follow 
from the fact that Y?V is constant along a screw-thread 
when V is constant along the same. And indeed these pro- 
perties are immediately obvious from the appearance of the 
system. 
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Consequently, if we take any family of surfaces « passing 
through the guiding screw-threads, there will always be an 
orthogonal family of surfaces 8, also passing through the 
screw-threads. If the surfaces « are the contours drawn at 
equal intervals of the potential V the surfaces @ are stream- 
surfaces. And ns may be named the “Chequer Ratio ” 

8 
consistently with what has gone before. If V2« is to vanish 
we must have 


HH. 
\=0 


(length of portions of successive screw-threads intercepted 
Oa x P : 5 
8“ between two stream-lines lying on the same stream-surface) 


Since the screw system is uniform the length of the 
portions of successive screw-threads intercepted between two 
stream-lines lying on the same surface 8 can be proportional 
to nothing else than the length of one turn of the screw- 
thread at the radius considered. For the two stream-lines 
in question must by symmetry make equal angles with planes 
normal to the axis of the screw, at each pair of points lying 
on the same screw-thread. So that the projection of the 
distance between the said pair of points onto the axis of 
the screw will be always the same fraction of / as the points 
move from one screw-thread to another. 

Now the length of an arc ds of a screw-thread being 


Dea ae 
V dz + 72d? = aon / at +r, 


the length of one turn is 


Q@=27 
Janam / =, aes Ava z a 
@=0 


Therefore we may satisfy the equation V2z=0 by making 


Aa? 72 


He . 
iL proportional to ned 1+ BE as the radius varies. A 
8 


table giving the values of ee 
able giving the values o 1+ p {or a number of 


(iat 
values of 7 is annexed. 


. 
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r AV ie = For standard chart. Z 
v elses Liye rem 2Qxur 
1 times this equals are equals tangent of angle 
of one turn of thread. H,. Hg. between helix and circle. 
| i) 1:0000 5507 1:8157 oO 
05 1:0482 5639 17735 3:1831 
10 11811 5985 16707 15916 
15 1:3741 f 6456 15490 1:0610 
20 16060 “6979 1:4828 “7958 
“30 2°1338 8045 1:2430 53052 
40 2°7049 ‘9058 1:1040 89789 
*bO _ 8:2969 1:0000 1-0000 31831 
60 3°9003 1:0877 9194 26526 
“70 45105 11697 "8550 22736 
‘80 51251 1:2468 “8021 19894 
90 5°7426 13198 “T5717 17684 
1:00 6°3623 1°3892 7199 15916 
15 9478 1°6955 5898 10610 
2-0 12°606 19554 5114 07958 
25 15:740 271850 4577 06366 
3:0 18876 2:3928 ‘4179 05305 
35 22014 25840 *8870 "04547 
(oe) o 'o) 0 (oe) 


It is hoped that these values are correct to less than 
half a unit in the last place. 


As there is no surface normal to the screw-threads, it is 
not possible to draw standard rectangles of the appropriate 
chequer ratio for each distance from the axis. But as the 
whole distribution of V is determined when the section of it 
by a plane passing through the axis of the screw is known, 
we may draw on this plane the sections of tubes formed by 


H 
the surfaces « and fin such a way that i. is proportional to 
B 


4a? yg? 
Wee a lg 


The sections of these tubes will in general not be rectangles; 
in fact, the angles and ratio of sides of the chequers formed 
by the traces of « and 8 on the plane ¢=constant will both 
now depend on the orientation of the chequer as well as on 
its distance from the axis. It will therefore be necessary 
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to make a chart of standard chequers in various orientations 
at a number of distances from the axis. Plate V. is such 
a chart. The rectangles in the right-hand margin represent 
normal cross sections of the tubes formed by the surfaces 
aand 8. Ina line with each of these are five sections of a 
tube of the same size and shape by the plane of the paper, 
when the angle between one face of the tube and the normal 
to the axis of the screw is successively 0°, 224°, 45°, 673°, 
90°. In order to be clearly visible these parallelograms are 
drawn quite large. What each really represents is the 
shape of an infinitesimal chequer situated at the central 
point of the large one. Practically the difference will not be 
important. 

Now this standard diagram can be covered by a sheet of 
tracing-paper, and two intersecting families of lines drawn on 
the tracing-paper in such a way that the parallelograms formed 
by them are everywhere similar to the chequers underneath, 
which have the same distance from the axis and the same 
orientation on the paper. Then if this tracing-paper plane 
rotate round the axis and slide along it so as to follow the 
guiding lines, the equipotential lines on the paper will 
sweep out the contours at equal intervals of V in space in 
such a way that V?V=0 and the other family of lines will 
sweep out stream-surfaces. 

A quantity which it is frequently necessary to determine 
is the magnitude of the flux 


-V/ BYR Olea 


Since sae ae An? 
Hn AA hea 


where A is an absolute constant, we must have 


Zand 
=A 


a H, 


H 


So that B is a stream function analogous to the forms in use 
when the guiding lines are parallel straights or circles with 
their centres on, and their planes normal to, a common axis. 
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In types previously studied, when the graph was drawn 
on a surface normal to the guiding lines, H, and H 2 were 
proportional to the length and breadth of a chequer and 
could be measured directly. But here we must first compare 
the linear dimensions of a freehand chequer with those of 
the standard oblique section of the tube bounded by two 
stream-surfaces and two equipotentials, and then refer to the 
normal section of the same tube in the right-hand margin of 
the chart. 

The standard chequers were obtained in the following 
manner :— 
oa being equal to constant x Ae 1+ — 
lation is necessary to determine H, and H, separately. The 
relation H, x H, = 1 was chosen for this purpose, as this 
gives a neat appearance to the standard chart. It was also 


, some other re- 


H 
found convenient to make the constant such that a =i 
a 
when i =0°5. The values of H, and H, were calculated 
and are given in the accompanying table. The sides of the 
rectangles in the right-hand margin of the standard chart 
were drawn proportional to 2H, and 2H,. 

To obtain the slant section, the tangent of the angle 
between the tangent a guiding-line and the plane normal to 
the axis of the screw, was first calculated. It is equal to 
AS and is given in the table under that head. The rect- 
2arr 8 
angles were then projected with ruler and compasses in a 
manner which is perhaps sufficiently indicated by fig. 5, 


which shows the construction when 7 =0°05 and the angle 


between a radius from the axis of symmetry and the tangent 
plane to the surface a=constant meeting at the point con- 
sidered is 45°. 

Of the innumerable solutions of VYV?V=0 possessing screw 
symmetry of the sort described, which may be obtained by 
the aid of this standard chart, perhaps the simplest is the 
field due to a helical line source, such for example as the 
distribution of temperature ina mass of electrically insulating 

VOL, XXL I 


1 


ph 


114 MR. L. F. RICHARDSON: ‘A FREEHAND GRAPHIC WAY 


material which encloses a helical copper wire carrying an 
electric current. ‘To avoid the introduction of a difficulty 
not characteristic of screw symmetry, I have assumed a core 
of non-conducting material in the form of a circular cylinder 
surrounding the axis. This relieves us of the necessity of 
considering the axial line of equilibrium, which would other- 
wise have to be treated by an extension of the method in 
Section IV. The external surface of the medium is also 
taken as a circular cylinder and is assumed to be at constant 
temperature. Consistently with our boundary conditions 
we may suppose that ‘ =0. Now symmetry will help us 
in several ways, for since the chequer ratio on the standard 
chart is the same whether any particular half-turn of the 
screw passes over or under the chart, one sees on beginning 
to make the drawing, that the two surfaces o=const., which 
pass respectively through the electric current and half-way 
between two adjacent turns of the current, must be surfaces 
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of flow. Again, very close to the electric current the flow of 
heat will be nearly the same as that due to a straight current 
tangential to the helix, that is.to say, the lines of flow will 
be normals to the helix and the isothermals will approximate 
to circular cylinders concentric about the tangent. 


The particular dimensions chosen were = 0°05 for the 


core, 0°3 for the source, and 0°5 for the outer cylinder. 


mT 


= 
SAPS 
iy, rh 


AXIS OF THE SCREWS 


Owing to orientation of the chequer affecting its shape 
this graph took twice or thrice as long to adjust as did the 
others in this paper. Its errors are discussed in Section VIII. 
hereafter. 

The magnetic field due to the helical current may doubt- 


: é ae. ane es 
less be determined in a very similar manner. Here = will 


be a constant other than zero and the cyclical properties of 
the field will add a further complication. 


ee Fe 
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TV. 

We have hitherto passed over without mention the pecu- 
liarities relating to points of equilibrium—these are points 
at which the first space-rate of the potential vanishes i 
all directions. In the neighbourhood of these the chequers 
become unusually large, and if any chequer goes right up to 
an equilibrium point it will not have the shape characteristic 
of its neighbours, but will take a peculiar form of its own. 

There are several diagrams of this in Maxwell’s ‘ Hlectricity 
and Magnetism.’ See, for example, vol. ii. fig. xvii. 

Now if V be expressed in terms of rectangular coordinates 
wand v lying in the plane of the graph with their origin at 
the equilibrium point, then linear terms in V must vanish, 
and we have 


V=Ar?+ Bot Co? + Ered + Fu?v + Guv?+ terms of higher 
degree. 
Now let us make V?V vanish. 
For guiding lines parallel straight and normal to the plane 
of the graph 


pas 
Ow Ow 
When the graph is on a plane passing through an axis about 


which there is symmetry of revolution and wu is normal to 
this axis, we must add to the above value of V?V the term 


10V 
r Qu 


where is distance from the axis. 

Now when the point considered is not on or close to the 
axis, it will be possible to put in so many chequers that the 
first two chequers in any direction from the equilibrium 
point require for their measurement so small a range of u 


Vie = 2(A+C)+u(6E4 2G) +0(2F+4 6H). 


2 
EE guAue Bese B, 
Lr r Yr 


and v that the fractions “, - &c., will be small, and therefore 


the additional terms which come in for symmetry about an 
axis may be neglected, and we have the same form for V?V 
in both cases. 
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Further, since Mercator’s projection does not alter the 
shape of any small pieces, V?V will have the same form in 
the neighbourhood of an equilibrium point on the Mercator’s 
plan of the distribution on a sphere. 

This being so, the general form of V in all three cases is 


V=a(u? —v”) +b. uww+g9(v3 —3uvr?) + h(v3 —3u?v) + higher terms, 


where a, 6, g, and h are arbitrary constants. When the 
ratios of a and b to the succeeding coefficients do not vanish, 
then the first two terms are all that we need consider. Now 
it may easily be shown that by a proper rotation of the axes 
of reference, so that wv tranform to wyv,, the sum of these 
two terms may be transformed into either of them separately 
We need therefore only consider one, say bu,v,;. The con- 
tours of this function are hyperbolas and are orthogonal to 
those of a(u?—v,’). The ratio ; is determined by the chequer 
ratio in the neighbourhood of the equilibrium point. 

A graph of this function for the special case of unit 
chequer ratio is given in Webster’s ‘ Dynamics,’ p. 525, and 
shows that two equipotentials meet at right angles at the 
equilibrium point, and that two stream-lines also pass through 
the same point and bisect the angles between the equi- 
potentials. The eight curved chequers which meet in the point 
each have consequently three corners of 90° and one of 45°. 
A graph of this function may be used as a “ standard equili- 
brium point” to keep the eye informed of the necessary 
proportions of the first and second ring of chequers sur- 
rounding the point. 

If, however, the coefficients a and } vanish, while g and h 
do not, then the terms of the 3rd degree become all 
important. 

By rotating the axes the sum of the two terms of the 3rd 
degree may be reduced to either separately. A rough graph 
of the contours of these functions is given by Fiske in 
Merriman & Woodward’s ‘Higher Mathematics,’ p. 248. 
Here three equipotentials intersect in the equilibrium point. 
And three stream-lines bisect the angles of 60° which are 
formed in this way. 


Phat ~ 
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Now when a graph has to be drawn and is found to contain 
an equilibrium point, the general arrangement of the potential 
will give us the clue as to whether two, three, or more equi- 
potentials intersect in the equilibrium point. And this being 
known, we have only to draw in the standard type at the 
proper dimensions and chequer ratio. 

When the graph is drawn on a plane passing through an 
axis about which there is screw symmetry of the sort described 
in Section III ¢, then the appearance is different, for we 
have to add to the value of V?V for circular symmetry about 
an axis the term 


P ov [? 
Aggy? 2 Ow = Ager. (2C + QuG + 6vH). 
And therefore writing 
Soe ag 
Lt gaan 


we have 

V=a(Rv—v?) +). uv t+ g(R?u? —3uv”) + h(v? —3R?v’v). 
A simpler way of looking at the matter is to consider a tiny 
plane element normal to the guiding screw which forms the 


line of equilibrium. The normals to the surfaces w=const. 
lie in this plane. If d§,, distance along such a normal, then 


d =a8,4/ (2°) ( oe\=d my a 
z 02 i r Op : lt A 
Substituting this in the expression of V?V in terms of r and 
w we have 
OV ail pM Oy. 
VV= ie = — tae 


just as if S,, was z in circular symmetry about an axis, 
From this we see that the appearance of the equilibrium 
point on a small plane element normal to the guiding screw 
will be exactly similar to the forms already dealt with. Its 
appearance on a plane which passes through the axis of the 
screw may be sketched without much difficulty by comparing 
the chequers in the right-hand margin of the standard chart 
with their projections as drawn in the middle of the chart. 


a 
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V. Equations other than Laplace’s. 


It has been shown above that in order to solve the equation 
ih Aa OV 
02" Toy 
a relation between differences of chequer ratios has to be 
satisfied. And the same will be found to be true for the 
other forms of the equation V*V = a function (of V and of 
position) which can be treated by two coordinates. <A 
difference relation of the sort referred to would involve the 
comparison of each chequer with a standard set having 
graded chequer ratios, followed by the calculation of V?V by 
arithmetic. And although it would doubtless be possible to 
carry out the necessary operations, yet it would almost cer- 
tainly be quicker and more accurate to use arithmetical finite 
differences altogether, writing in the numerical yalues of V 
at a set of points on the paper and adjusting these numbers 
until the finite difference equation is satisfied,—in a manner 
which may be described in a future paper. In view of this 
I will not attempt to elaborate freehand methods for V?V= 
a given function of V and of position. 

There are, however, certain common space distributions 
which may be treated graphically with simplicity although 
they do not satisfy V*V =0. 

Firstly, when the conductivity is a continuous function of 
position, and the direction of the flux is normal to the contours 
of a potential, and the magnitude of the flux is the maximum 
space-rate of the potential multiplied by the conductivity, 
and the flux has no divergence. For example: the flow of 
heat and electricity in isotropic but non-homogeneous bodies, 
or the soakage of water in a saturated subsoil the upper 
layers of which are more porous than those below. Let K 
be the conductivity and suppose that it is constant along each 
guiding line but varies from one such line to another. 
Then, when the lines have a family of surfaces normal to 
them we must have 


= any given function of V, 2, y, 


0 (Hs. H,.K 
Oa t= )=0 


A 7 a 
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in order that the flux shall not diverge. This is very easily 
assured by preparing the paper with standard chequers 


having their chequer ratio H, proportional to Hy. K. In 


fact, we have an example of this in Section Illa above; 
for circular symmetry about an axis may be regarded for 
this purpose as flow between parallel planes in a medium 
having conductivity directly proportional to the distance 
from the axis. And reciprocally. 

Similarly in the case of screw symmetry, standard chequers 
are to be prepared having 


proportional to Ky / eee 


Two other cases can probably be treated freehand, namely, 
the flow of heat in bodies where the conductivity varies with the 
temperature, and, of great practical importance, the distribution 
of magnetic induction in soft iron, taking into account the 
variation of the permeability with the force. But these again 
will be left to those who need the results. : 


VI. Note on Boundary Conditions. 


It may be convenient to the reader if we bring together 
certain well-known facts concerning boundary conditions. 

Let us regard V simply as a function of position, not 
necessarily satisfying V?V=0 or any other equation ; and, 
as always, let contours be drawn at small intervals of V each 
equal to &. Then the first space-rate of V in any direction 
at a point is inversely as the intercept cut off from a line in 
that direction by two contours of V one on each side of the 
point, and is directly as K. Suppose, further, that the whole 
distribution of V can be represented by a single graph. 

1. If we have to make V such that the magnitude and 
direction of its maximum first space-rate, the Hamiltonian 
vector V/V, satisfies given values over a boundary of a given 
shape. Then it is easy to set off the ends of the contours of 
V with a ruler and scale, for their directions are known and 
also the distance apart of successive pairs. 
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2. If we are not given \/V over the boundary but only 
the first space-rate of V ina given direction. Then there are 
an indefinite number of ways in which the contours of V may 
cut the boundary ; and as it will not generally be possible to 
say which of these is consistent with the internal conditions, 
they must be drawn and modified freehand as the approxi- 
mation to the internal conditions proceeds. This is usually 
not difficult. 

3. To make V continuous at any surface cutting the distri- 
bution, all that is necessary is that the ends of the contours 
of V approaching from the two sides should meet one 
another at this surface. Whether they meet at an angle or 
not does not matter. 

4. To make the first space-rates of V in every direction con- 
tinuous at any surface where V is continuous, not only must 
the contours of V meet one another, but they must pass 
smoothly into one another without making an angle. For if 
they made an angle and a straight line were drawn tangent 
to one branch of the contours at the angle, then the ratio 
of successive intercepts of this line by the contours of V 
would not become unity when the contours were drawn 
at indefinitely small intervals of V, so that the second 
space-rate along this straight would be indefinite at the 
angle. 

5. Suppose next that a non-divergent vector is normal to 
the surfaces V=const., and that the magnitude of the vector 
is equal to the space-rate of V along the said normal, 
multiplied by a scalar function of position ; which according 
to the particular application will be the conductivity, perme- 
ability or some other specific constant. Then we may require 
the conditions which must hold at a boundary where the 
specific constant has a discontinuity while V is continuous—as, 
for example, where magnetic flux passes from air into mild 
steel. These conditions, which-I take from Prof. J. J. 
Thomson’s ‘ Elements of Electricity and Magnetism,’ may be 
stated thus :—If K,, Ky are the aforesaid specific constants 
on the two sides of the boundary, and @, and @ are the 
corresponding angles which the direction of the vector makes 
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with the bounding surface, then 


cin i= ra tan 0. 

Now if the graph be drawn on a surface which is normal 
to the guiding lines, the direction of the vector lies in the 
graph, and 6, and 6, are the actual angles which one sees. 
The same is true of the Mercator’s map of a spherical surface 
distribution, since the angles are unchanged by projection. 
But with our method for screw symmetry, the angles 0, and 
6, do not immediately appear, and comparison must be made 
with the angles of the slant sections of the rectangular tubes 
given on the standard chart. 


VII. Miscellaneous Notes on Draughtsmanship. 


(a) Since with the exception of given boundaries and lines 
deduced from symmetry no part of the field can be said to be 
correct until the whole field is correct, it is advisable to begin 
by covering the whole field with intersecting lines, however 
erroneous they may be, and then to carry out amendments 
over wide areas at one time. 

() In the final stages of a drawing intended improvements 
often overshoot the mark or cause unforeseen disturbances in 
the surrounding chequers. It seems well, therefore, to lay 
aside the indiarubber after a certain accuracy has been 
reached, and, placing a sheet of tracing-paper over the 
rough diagram, to draw the intended improvements upon 
this. And so with all later stages. The tracing-paper 
diagrams are then compared with one another and the best 
selected. 

(c) The graphic addition of two scalar functions of position 
is conveniently performed in the way described by Maxwell 
(‘ Elementary Treatise on Electricity ’) by laying the contours 
drawn on a sheet of tracing-paper at equal intervals of the 
one over those of the other, covering the two with a clean 
sheet of tracing-paper, and drawing the diagonals of the 
chequers formed by the intersecting contours. 


OF DETERMINING STREAM LINES AND EQUIPOTENTIALS. 123 


VIII. Estimation of Errors. 


To one reading an account of this freehand method without 
having worked an example, it might seem as if there were no 
way of setting a limit to the errors of any particular graph. 
This, if it were true, would be a serious fault. But, happily, 
it is not so; for it is commonly necessary to make several 
drawings and then select the best of them: so that by the 
time the draughtsman has reached a drawing which he can 
searcely improve upon, he has before him deviations from it 
in divers directions. The difference, then, between the 
selected graph and the second best graphs is a measure of 
the errors of the latter and an outside limit to the errors of 
the former. The actual errors of the selected graph will be 
less than this limit, and may be estimated by comparing the 
errors in the shape of the individual chequers in the best and 
second best graphs, and taking a fraction, thus :— 


individual chequer error in best graph eae between best oa) . 
same in second best graph second best graphs 


This is the true measure of the errors of the best graph. 
It depends, of course, on a general mental estimate or appreci- 
ation, and is consequently not susceptible of exact definition. 
But this does not much matter, for if the value of an error 
be known within two times either way it is usually sufficient. 

The difference between the best and second best graphs is 
less dependent on a mental estimate, and consequently sets a 
firmer limit to the possible error. 

Taking, for example, the graph of the field round a helical 
line source given in section III. c, and laying over it the 
tracing of the unpublished second-best graph, one sees that 
the difference in position of the lines in the two graphs 
nowhere exceeds 4 the linear dimension of the chequer, at the 
point and in the direction considered. Now I should estimate 
that the error of the shape of individual chequers in the 
published graph averaged } of the same quantity in the other ; 
so that } of the linear dimensions of the chequer may be taken 
as the error of position of the lines in the published graph. 
Now the graph exhibits ten tubes of flow ; so that } of one 
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tube is 2} per cent of the range. This is in the worst parts 
of the field. Elsewhere the error will be less, but it may 
still be expected to exceed the errors found when the graph © 
is drawn on a surface normal to the guiding lines, because in 
the case of screw symmetry we have the added difficulty that 
the shape of the chequers depend upon its orientation. 


Disoussion. 


Mr. A. Russrxu said that electricians had often to draw lines of force 
freehand. Asa rule they had little more than their intuition to guide 
them, as the values of many of the variables were only known roughly 
and the bounding-curves were not simple geometrical figures, They 
would therefore welcome the paper, as it would enable them to improve 
their diagrams, The problem of the flow in two-dimensional space 
could in many cases be satisfactorily solved by experiment—for instance, 
by Prof. Hele Shaw’s method. The author had shown, however, that 
the graphical method could be applied usefully to certain classes of 
problems in three dimensions which it would be extremely difficult to 
attack by any other method. The speaker had found difficulty in deter- 
mining the “chequer ratio” in electrical problems where the extent of 
the field was unlimited. 

Mr. A. CaAmpsELt asked if the author’s method would be applicable 
to a helix of finite length carrying a current. 

The Cuarrman remarked that in the method described much de- 
pended on the eye, judgment, and patience, 

The AvrHor, in reply to Mr. Campbell, said his method would not 
apply to the case of a helix of infinite length, 
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